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The Holstein-Hubbard Dimer of Variable Length 
Building Block of the CuO Plane: Electronic and 
Phononic Transitions 
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A potaronic Hamiltonian is obtained for a dimer of length a, including an Einstein phonon 
of frequency fL a Holstein coupling go, and all the electronic one- and two-body terms 
consistent with a single orbital per site (the latter evaluated in terms of Wannier functions 
built from Gaussian atomic orbitals). Its ground state for given a, go, and ~ is identified by 
independent and simultaneous optimization of the electronic and phononic parameters. As a 
varies, we find discontinuous changes of both electronic and phononic states, with interesting 
physical implications. 
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1. T H E  M O D E L  

For a dimer consisting of  identical ions centered 
at R~ and Re we consider the Hamiltonian 
H -  H~4 + H~,~, + H~p which, in standard notation [ 1], 
reads 

o cr 
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x (ai~a2,7+h.c.)+ U ~ rlirgli$ 
i= 1,2 

+ Vnln2-2J~S[Sg-J , -y (S(Sg_  +b.c.)  
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The bare electronic interaction parameters  g0, 
t, X ,  U, V, P (J, = J,.y = P) were evaluated using nor- 
malized Gaussian "orbitals"  

r (r) = (2F2,/z) 3/4 e x p [ - F 2 ( r -  Ri) 2] ( i=  1, 2) 

with overlap S ~  (~b~ ] ~b:> = exp(-F2aa /2) ,  where a =  
IR~-R21 is the length of the dimer. Then, the two 
orthonormalized Wannier functions are 

qal(2)(r) = A+r + A-(  ~)(S)02(r) 

with 

A=(S)  = [(1 + S)  -l/z 4- (1 - S)-b"2]/2 

Following the procedure of  [2] for the antiadia- 
batic limit, we obtain the effective polaronic Hamil-  
tonian Hpot by first performing on H a dis- 
placed-oscillator t ransformation through the 
operator  e R = exp[Syo ~ , ( n l o -  n2~) (d*-  d)], where 
d =  b ~ -  b2 and ? 'o=go /h~ .  Then we take the average 
of  eRHe -R over the squeezed phonon wavefunction: 
{T(a)> = e x p [ - a ( d * d *  - dd)] t ~'(0)>, where d 1T(0)> 
=0.  The result is a polaronic Hamiltonian 
Hpo,=He,(s~, t*, x * ,  u*,  * * J*: . . . .  V , Jxy,  , P*) + Eph, 
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where 

4 '  = e -  a~,roa(2- a) 

U* = U -  2hf27"~5(2 - 5) 

V* = V -  hf2yo [1 - #(2 - 5 )] (3) 

t* = rt, X*  = ~X,  P* : T4P 

E#,= fif~[She(2a) + �89 

with z ' -exp[-2(Sgo)  2 e-4~]. The parameters J: and 
Zv remain unchanged. Details can be found in [1]. 

2. RESULTS 

We evaluated [1] the eigenstates and eigenvalues 
of H~, obtaining a singlet bonding state 

1 
O(a~a~t + a:~a2t) I S b > = ~ [ s i n  ~ t * t 

+ t * t 
- cos O(aita2: + a2j, ait )] t0> 

and its antibonding counterpart 

ISa>=~U 2 [cos O(aI,a: r * t + a21a2t ) 

+sin t , t t O( aua2t + a21aj t ) ] l O > 

a charge transfer state 

I CT> = 4  [a*l'att +at'j.aY't] I0) 
,,/2 " ~ " 

and a triplet state, whose components labeled by 
S[ + Sf are 

IT, 1(-1)> :a:;(na~r(+)10> 

and 

I T> 0> = ~ [a:.~a: t - a:,a~r]l 0> 

By defining Eu=2So + U + P ,  E v - 2 S o +  V + J ,  7, 
G = . , / ~ E v - E v ) 2 + 1 6 ( t - X )  2 and tan(P) - - 4 ( t - X ) /  
( E u -  Ev+ G) the eigenvalues read: Es.b = 
� 8 9  ESa=�89  EcT: 
2s0+ U - P ;  Er.~:~ = 2 s o +  V-J~  and Ero = 
2 so + V -  J~v- The corresponding energies for Hpoe are 
obtained from the values above by replacing the bare 
interactions with the effective ones. Choosing gf~= 
0.1 eV, and a dimer-length range 0.5_<a_<3.0 A, the 
ground state of H~ol for several go values was identified 
by independent and simultaneous optimization of the 
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Fig. 1. The parameters aF (bottom panel), # (middle panel), and 
exp(-4ct) (top panel) vs. dinaer length a in A, for some values of 
go in eV. 

parameters defining the orbital shape (F), the dis- 
placed-oscillator transformation (6), and the squeez- 
ing-effect strength (e-4'~). Figure 1 shows (bottom 
panel ) that, if go is sizable, as a varies, the equilibrium 
F has sharp transitions between two asymptotic 
curves, shown by the continuous and dashed lines, 
respectively corresponding to low and high go values. 
Also the optimal 6 (middle panel) and a (top panel) 
depend on the electronic state, so that discontinuous 
transitions between different phononic regimes are 
correspondingly obtained. Level crossings are tbund, 
corresponding to the transitions of the parameters in 
Fig. 1. The delocalized singlet bonding state ISb> is 
stable at low a for all values of go. At a = ac it trans- 
forms into either a triplet IT} or a charge-transfer 
state f C T } ,  both of localized character. The cases 
shown in Fig. 1 correspond to a single ]Sb)--,IT> 
transition (g0=0.32eV), to a single ISb>-~ICT> 
transition (go = 0.47 eV ), and to a double 
]Sb > -~ J C T  > -* i T > transition (go = 0.45 eV ). Through 
F, also the equilibrium shape of the wavefunctions 
depends significantly on the phononic parameters as 
well as on the type of  ground state, so that the effective 
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Table 1, The Correlation Functions r!~,~ ~ ,.q,:. r,s.,2!e L e iWs.(2)]i> for Several Operators Z (First Column) in the Eigensmtes ;~> 

z , Sb ', l T, ~ t > ! T, O> 1 CT)  

,hdrldk ( jr  1, 2) ShZ(2a),'4+ y~- },~5(2- 6 ) sin 20 Sh:t2a)/4+ ),~ ShZ(2a)/4+ 7~ Sh~(2a)/4+ 7~(t - 5 )2 
ninz/4 cos 2 0/4 1//4 1'4 0 

S~S~ --cos: 0/4 I.,/4 -cos 20/4 0 

a:.,alff~-ra~ cos" 0/2 0 1/2 0 

a2;a2ra[,a~; r '~ sin" 0/2 0 0 - r~/2 

electronic  in te rac t ions  are apprec iab ly  p h o n o n -  
r enormal i zed  as a varies,  par t i cu la r ly  on passing to a 
different  g r o u n d  state.  To  expla in  the physical  impl i -  
cat ions ,  we have  eva lua ted  some cor re la t ion  funct ions  
( C F ) .  The  C F  re la ted  to  a generic o p e r a t o r  Z in one 
o f  the e igens ta tes  I i )  o f  the effective H a m i l t o n i a n  

E z - < i l<vI ' x~ leRZ  e - R l ' t ' s o  >[i >. The is defined as i o =  
results  are  shown in Tab le  I. F u r t h e r  commen t s  can 
be found  in [3,4]. As  in [2], we also define the charge  
t ransfer  as 

~:,> <il<~Psolee(nl-n2)(d* +d)  e-Rl~so>Ii> 
(4) 

x/'(i l  <~K~'o I ~ +  d)  ~ e -R I VPxo >{ i> 

0 . 3 0  

A bit  of  a lgebra  yields 

~., - sin: 
F o  ~ - 4 , , / 2 5 7 0  ..... -77_ . . . . . . . . . . .  �9 . . . .  ..<~: ~ : - : - : -  

,~/Sh-(2a) + 1/2 + 86-7~ sin d 
(5) 

where • = 0 ,  ~r/2, 0 if li>={Sb>, ICT>, IT> respec- 
tively. The  results are  visual ized in Fig,  2. As can be 
checked  f rom T a b l e  I, the plot  o f  the spin C F  
(Z = S~$2) can be used to read  also the  values  o f  bo th  
the intersi te charge  (Z=n~n2/4) and  b i p o l a r o n  
( Z =  a2,al ra~Ta~, ) CF ' s .  Except  for  the on-s i te  b ipola-  

r 
t o n  C F  (Z=a2;aztaiTai~,), the o the r  C F ' s  are  very 
sensit ive to the type  o f  g round  state. Therefore  the 
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Fig. 2. Correlation functions and charge transfer vs. dimer length a in ,~., for some values of go in eV. 
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type of  exper imen ta l  response  can change  comple te ly  
fol lowing a slight va r i a t ion  o f  e i ther  a [5] or  
go. Typica l  examples  a re  the charge  t ransfer  and  
the e lec t ron- -phonon  C F  for 1 .5_<a_<2.0A and  
0.43_<g0_<0.47 eV. Not ice  also that  in the ]A'b) state,  
for  a close to a~, bo th  the charge  t ransfer  and  the spin 
C F  can s imul taneous ly  be ra ther  large. I f  one thinks 
o f  the d imer  as the bu i ld ing  b lock  o f  the CuO plane,  
this f inding is in teres t ing  in re la t ion  no t  only  to the 
a rgumen t s  [6] requi r ing  the n o r m a l  s ta te  o f  H T S C ' s  
to be close to  a charge  o r  a magne t i c  instabi l i ty ,  bu t  
also to the grea t  sensi t ivi ty  o f  H T S C ' s  to  pressure.  
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