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In many practical applications, ions are the primary charge carrier and must move through
either semipermeable membranes or through pores, which mimic ion channels in biological
systems. In analogy to electronic devices, the “iontronic” ones use electric fields to induce
the charge motion. However, unlike the electrons that move through a conductor, motion
of ions is usually associated with simultaneous solvent flow. A study of electroosmotic flow
through narrow pores is an outstanding challenge that lies at the interface of non-
equilibrium statistical mechanics and fluid dynamics. In this paper, we will review recent
works that use dissipative particle dynamics simulations to tackle this difficult problem. We
will also present a classical density functional theory (DFT) based on the hypernetted-chain
approximation (HNC), which allows us to calculate the velocity of electroosmotic flows
inside nanopores containing 1:1 or 2:1 electrolyte solution. The theoretical results will be
compared with simulations. In simulations, the electrostatic interactions are treated using
the recently introduced pseudo-1D Ewald summation method. The zeta potentials
calculated from the location of the shear plane of a pure solvent are found to agree
reasonably well with the Smoluchowski equation. However, the quantitative structure of the
fluid velocity profiles deviates significantly from the predictions of the Smoluchowski
equation in the case of charged pores with 2:1 electrolyte. For low to moderate surface
charge densities, the DFT allows us to accurately calculate the electrostatic potential profiles
and the zeta potentials inside the nanopores. For pores with 1:1 electrolyte, the agreement
between theory and simulation is particularly good for large ions, for which steric effects
dominate over the ionic electrostatic correlations. The electroosmotic flow is found to
depend very strongly on the ionic radii. In the case of pores containing 2 : 1 electrolyte, we
observe a reentrant transition in which the electroosmotic flow first reverses and then
returns to normal as the surface change density of the pore is increased.
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1. Introduction

There are numerous examples in which ion-solvent flow takes place in strongly
confining environments - such as narrow channels,'”® nano-wires,*” carbon
nanotubes (CNTs)**° or across porous media.'** Such electroosmotic flows play
a major role in transport phenomena important in many technological***” and
biological**>* applications. Examples range from osmotic equilibrium in living
cells,>?** charge storage devices,**® and solvent filtering®”*® to desalination of
seawater.”>** From a practical viewpoint, the transport of solvent through
synthetic nanotubes can be optimized by adjusting the tube's molecular inner
structure. This can facilitate solvent flow while avoiding the passage of ions,*
thus resulting in efficient salt filtering. On the other hand, ion transport through
ion channels is of fundamental importance in many biological processes, such as
the propagation of electrical signals in nervous systems***¢ and electrical stimuli
in muscle cells.’” The action potential across the cell membrane®-* is controlled
by selectivity filters, which can block the passage of some ions while allowing the
passage of others.”****** One of the reasons for the selectivity of ion channels is
the dehydration of ions upon entering the nanopore.**** This dehydration is the
result of interaction of ions with the proteins of the selectivity filter. Moreover,
specific ion interactions with the channel inner walls are also known to play
a crucial role in determining the dynamics of their transport along the
channel.>****” In all these cases, solvent and ion motion through the pore depend
crucially on the interactions of particles with the surface.*® In analogy to elec-
tronic devices, the “iontronic” ones use electric fields to induce charge motion
that results in the delivery of precise amounts of substances, which can be
biomolecules, ions, or pharmaceuticals, to specific locations. In spite of its
enormous practical relevance, the theoretical description of transport
phenomena through narrow cylindrical pores remains poorly understood,*** and
many open questions must still be elucidated.” The difficulties arise from the
inherently interfacial nature of such systems, typical of strongly confined envi-
ronments, for which traditional theoretical tools designed for bulk systems®*>* do
not directly apply.>***

Ion transport through narrow pores takes place whenever a gradient in

56758 concentration™*** or electric potential®*** is established across the

pressure,
tube's longitudinal length. If the channel connects two microscopic volumes, the
ions and solvent flow can be characterized as a transient state that lasts until an
equilibrium condition of zero gradient of electrochemical potential is established
across the channel and the flow ceases to exist. On the other hand, a stationary
state of non-vanishing ion flux can be established via an active process in which
an applied force drives the ion flow along the channel connecting two mesoscopic
or macroscopic volumes. When the driving force for the flow is the electric field
across the longitudinal direction of the pore, the resulting ion-solvent motion is
denoted as the electroosmotic flow.>***> Even though the applied electric field
does not couple directly to the solvent dipoles, the motion of ions will partially
transfer their momentum to the solvent molecules through particle collisions,
resulting in solvent motion. If the pore surface is charged, the moving ions will be
further subjected to a radial static field produced by the dissociated charge on the
pore surface.
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Simulation of such charged systems is a highly non-trivial task. The long-range
nature of the Coulomb force precludes the interaction between particles being
simply cut off at the boundary of the simulation box using the minimum image
convention, standard for systems with short-range interactions. Instead, one
needs to construct a periodic replication of the simulation box so that the force
felt by a given ion arises not only from the other ions inside the simulation box,
but also from their infinite periodic replicas. For bulk systems, the summation
over replicas can be efficiently performed using Ewald methods;* however, if the
periodicity of the simulation box extends only in two (slab geometry) or one
(cylindrical geometry) dimension, additional corrections must be included in 3D
Ewald summation method.*”*® Recently, dissipative particle dynamics (DPD)**”°
simulations have been proposed to investigate electroosmotic flows through
narrow channels, combining both the Green function formalism®7"”* and the
Ewald summation to efficiently account for the electrostatic interactions between
infinite numbers of replicas in a cylindrical geometry.”” Embedding of a pore into
a medium of an arbitrary dielectric constant, such as a cell membrane, is taken
into account using the Green function formalism.” Since a uniform surface
charge does not produce any electric field inside an infinite cylindrical pore, it can
be neglected for the calculation of the force acting on each ion. However, if this is
done, the pore will no longer be charge-neutral. The traditional approach is to use
point surface charges to account for the pore's surface charge density, keeping the
overall charge neutrality of the pore + surface system. This, however, is very
inefficient, since one must include the surface point charges inside the Ewald
summation. To overcome these difficulties, one can use an implementation of the
Ewald summation method for charge-non-neutral systems.** This method only
requires a small modification of the total electrostatic energy of the replicated
system and is significantly more efficient than the point charge approach.

The surface-ion interactions result in radial dependence of the flow along the
cylinder. Of particular interest is the radial distance at which the ion average
velocity vanishes - the so-called shear plane - and the associated electrostatic
potential, known as the zeta potential.”” The zeta potential can be related to the
flow velocity at the center of the pore using the Smoluchowski equation.”*”®
Under some conditions, it is possible to find a reversal of the electrophoretic
mobility,” characterized by the change in the direction of the fluid flow. This
effect can be attributed to the reversal of the surface charge near the pore surface -
the counterion condensation that overcompensates the surface charge.”*® As
a result, the effective surface charge of the pore becomes reversed. From the
overall charge neutrality, this means that the net charge of free (i.e., uncon-
densed) ions available to respond to the external field also reverses sign, resulting
in the reversal of the electroosmotic flow.

If the external electric field is not too large, the Smoluchowski equation can be
used to relate the fluid velocity with the zeta and electrostatic potential.®*
However, application of the Smoluchowski equation requires knowledge of the
location of the shear plane and of the electrostatic potential inside the pore. At the
moment there is no theoretical method available to locate the position of the
shear plane. However, within the DPD formalism, it can be easily calculated using
an independent salt-free simulation of a pressure- or gravity-driven flow through
a cylindrical pore.®” On the other hand, theoretical calculations of the electrostatic
potential inside a strongly charged pore containing multivalent counterions, the
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characteristic regime for which reversal of the electroosmotic flow takes place,**
are rather challenging. The traditional Poisson-Boltzmann (PB) equation is able
to accurately predict the distribution of monovalent,*** point-like ions close to
a moderately charged surface,® but fails**** to capture the effects of electro-
static correlations present inside the double layer in the strong coupling regime,
or when packing effects become important. To overcome these difficulties, in the
present paper we will use a new density functional theory (DFT), designed to
accurately describe both strong electrostatic and size correlations inside the
double layer close to the cylindrical pore surface.*

Classical DFT is a powerful tool to predict the equilibrium distribution of
microscopic particles subject to external fields. It is particularly suitable for
studying interfacial phenomena with a high degree of accuracy,”** yet with
a reasonably low computational cost in comparison to most computer simula-
tions.”**” Another clear advantage of the DFT formalism is the possibility of
treating various contributions to the free energy using different levels of
approximations.”®*** The key idea is to construct a free-energy functional that
accounts for the electrostatic and steric interactions inside an inhomogeneous
fluid, and then subject it to the stationary (Euler-Lagrange) condition in order to
obtain the desired equilibrium profiles (usually through a set of coupled integral
equations).’®'*> While ideal contributions to the free-energy functional are
known exactly, contributions from different inter-particle interactions (the so-
called excess contributions) beyond the mean-field are unknown, requiring the
employment of approximations that must account for the correlational effects.
Depending on the particular system regime and/or the nature of the inter-particle
interactions, some contributions can be handled at the mean-field level'**'** or
through simple local approximations, while other relevant contributions can be
treated separately using more sophisticated approaches.” One classical example
is the hard-sphere interactions and the underlying packing effects, which are
known to be very accurately described by the Roselfeld fundamental measure
theory'**'*” (FMT) and its various extensions,'””*'* up to very high packing frac-
tions and degrees of polydispersity. The theory is based on the classical weight-
density approximation,'* whereby the weighting densities are chosen so as to
incorporate some key geometrical features of overlapping particles, and the local
free energy is constructed so as to reproduce the correct dimensional crossover, as
well as to satisfy some prescribed properties in the bulk limit.****” The remaining
interactions can be treated in a number of different approaches, depending on
the desired degree of accuracy. Traditional approaches involve, for example, the
use of either weighted"**® or local'’"*® concentrations in a known free-energy
density of a related bulk fluid, functional expansions about a reference (either
non-uniform or bulk) system,'***** gradient expansions,®*** or the introduction
of coupling parameters that allow one to continuously change the equilibrium
properties from a known reference state to the final one.>*'****¢ In the case of
electrostatic correlations, solutions of the mean spherical approximation
(MsA)*24127128 for the bulk ion correlations are often employed in a combination
with the methods mentioned above. The great advantage of the MSA is that closed
analytical formulae for the key thermodynamic quantities and pair correlations of
the bulk fluid (usually required as inputs in the DFT formalism) are known, which
greatly facilitates the numerical implementation of these methods.”***> However,
the MSA relation loses its accuracy in the case of strong electrostatic couplings,
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since it neglects the non-linear correlations that become relevant in these
regimes.”***%* An alternative is to rely on the hypernetted-chain (HNC) closure
relation"** (which does incorporate non-linear effects) for computing the under-
ling bulk properties. Although the use of the HNC approach requires numerical
solutions of the Ornstein-Zernike (OZ) integral equations, these solutions are
expected to be considerably more accurate in capturing strong ion correlations
than their MSA counterparts.’*”'*® In spite of additional computation cost, this
gain in accuracy might represent a good compromise whenever fine details of
equilibrium distributions close to interfaces are required, as is the case for the
calculation of the zeta potential close to a highly charged pore surface.

In this work, the theoretical tools described above (DPD simulations and
classical DFT) are combined to investigate the electroosmotic flow along an
infinite cylindrical channel, driven by a static electric field. A DFT method is
proposed that uses the Percus particle-insertion idea to compute the local excess
chemical potential in the framework of the HNC approach.***** These chemical
potentials are then evaluated over all the grid points using suitable weighted
densities, thus allowing us to calculate the equilibrium profiles in a self-
consistent fashion. The method is then applied to calculate zeta potentials that
characterize the electroosmotic flow through charged cylinders, and compared
with the results of the DPD simulation. Different combinations of ionic charges
and sizes are considered, and a good agreement between DFT and simulation
results is found in all cases. Our simulations show that in the case of divalent
ions, reversal of electroosmotic flow always takes place after the pore-surface
charge density reaches a threshold value, clearly indicating charge reversal
produced by the condensation of divalent counterions close to the pore surface.
Increasing the ionic size makes the electroosmotic flow reverse back to its normal
direction after a sufficiently large surface charge is reached. This behavior can be
understood to be a consequence of steric repulsion between the counterions that
prevents the critical number of counterions needed to reverse the pore surface
charge from packing close together within the shear plane.

The remaining part of the paper is organized as follows. In Section 2, the
model system and the applied DPD simulations are described. The Smoluchowski
equation is derived in Section 3. An overview of the DFT formalism used to
compute equilibrium distributions and zeta potentials is provided in Section 4.
Results are then presented and discussed in detail in Section 5, followed by the
closing remarks and perspectives for further investigations discussed in Section
6. Finally, specific details regarding the DFT calculations and implementation are
presented in the Appendices.

2. Model and simulations

Consider a cylindrical pore of radius R, length L and uniform surface charge
density o < 0, as depicted in Fig. 1. Inside the cylinder there are Ny solvent and N
charged particles. Periodic boundary conditions are applied along the longitu-
dinal z-direction. The no-slip boundary condition is implemented using the
bounce-back method**? at r = R — r;, where r; is the effective ionic radius. The N
charged particles consist of N, a-valent cations (counterions) and N_ monovalent
anions (coions). The total ionic charge at the pore wall is —27RLo. The “bulk”
concentration of an o : 1 salt is defined as the concentration in the center of the
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Fig. 1 A sketch of the system. A hollow cylinder, bearing a negative uniform surface
charge density g, has radius R and length L. It contains ions of radius r; and charge g, = ae
and g_ = —e, as well as soft DPD particles representing solvent (not shown in the figure). In
our simulations, a static electric field is applied along the longitudinal axis leading to an
electroosmotic flow. The cylinder is inside a simulation box with periodic boundary
conditions, whose transversal dimensions are much larger than L. A 3D Ewald method with
a correction term, which accounts for the preferential z-wise summation and for the lack
of charge neutrality inside the pore,®? is used to treat all the electrostatic interactions
between the ions. In the DFT calculations, the limit L — o is implicitly considered.

pore at r = 0, p° = 0.0251;* (where I is the Bjerrum length), which gives around
112 mM. We note that in addition to cations derived from salt dissociation, there
are N, = 2mRL|o|/ae counterions present to neutralize the surface charge, where e
is the elementary charge of a proton. These additional counterions are the result
of dissociation of the surface groups.

The simulations are performed using the DPD method,*” which consists of
conservative, friction, and random forces acting on each particle in such a way as
to respect the fluctuation-dissipation theorem and the conservation of
momentum in order to achieve the hydrodynamic limit with a small number of
solvent particles. The simulations are carried out inside a cylinder of R = L = 10/,
considering the solvent as water at room temperature. Within the DPD
formalism,* a solvent particle does not correspond to an individual water
molecule, but rather to a cluster of N,, water molecules, which are treated as soft
spheres of radius r.. The natural unit of length for the simulations is the Bjerrum
length, Iy = €*f/e = 7.2 A, where 8 = 1/kpT and kg is the Boltzmann constant, T is
the temperature and ¢ is a uniform dielectric constant over all space - inside and
outside the pore. We will set the size of the pseudo-solvent particles to be r, = Ip.
The number of these particles inside the pore is Ny, with the average concen-
tration set to 71,; = 4l . On average, in bulk, a water molecule occupies 30 A of
volume, which means that a pseudo-particle contains 3 water molecules. The
effects of the dielectric discontinuity across the pore surface can be added using
the Green function formalism developed in ref. 74. Both solvent and ions are
considered with the same mass m and all other DPD parameters are the same as
in the earlier work.?” The electrostatic energy is calculated using a 3D Ewald
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summation method, corrected for a pseudo-1D geometry inside the pore.”® The
cylinder is placed along the minor axis of a rectangular simulation box of sides L,
X L, x L, with periodic boundary conditions in the z-direction. Outside the pore,
the simulation contains empty space. This empty space is necessary because the
3D Ewald method creates spurious replicas of the pore in all 3 dimensions. The
value L, = 4R allows the formation of an empty space outside the cylinder,
necessary to avoid the interaction between the undesired periodic replicas along
the x and y-directions. The electrostatic force acting on each ion can be calculated
from the gradient of the electrostatic energy.*> Additionally to the DPD and
electrostatic forces, a truncated Lennard-Jones potential'*® with o1; = 2r;, strength
ey =26 " and cutoff radius r;; = 2/°sy; is included in the interactions between all
charged particles. The electroosmotic flow is induced by an external electric field
E, = 1(Bels) " applied in the +z-direction, leading to a force F, = g;Fyz on an ion .
Note that the electric fields used in computational simulations are much stronger
than the typical experimental fields, which would induce very weak currents,
similar to the numerical error in simulations. In the regimes studied in the
present paper, the induced flows are linearly proportional to the external field, so
that the corresponding flows under the experimental conditions can be easily
obtained by a simple scaling. The integration of the equations of motions is
implemented using the Velocity-Verlet algorithm.*** The statistical analysis is
performed over 5 x 10* samples obtained each 10 time steps, after a stationary
flow is established, which takes approximately 5 x 10’ time steps.

3. Smoluchowski equation

When a static electric field is applied along the pore axis, a steady current is
established after a transitory period. From symmetry, the stationary velocity
profile depends only on the radial distance from the cylinder’s major axis. In
a cylindrical geometry, the Stokes equation reduces to®

0 = Epo, + V3 (1)

where 7 is the dynamic viscosity and v is the z component (along the major axis of
the cylinder) of the fluid velocity. The ionic charge density ¢, is defined as
0q = > a;ep;, where p; is the local concentration of ionic species i, and is related to
the eléctrostatic potential ¢(S) by the Poisson equation:

Vo(8) = T [55(S — R) +0,(5)]. @)

where S is the radial distance measured from the center of the pore and J repre-
sents the Dirac delta function. Combining eqn (1) and (2), we obtain the Smo-
luchowski equation,

é‘E()

"(S) = 41t

(6(S$) -9, (3)
where we have defined the electrostatic potential at the shear plane as ¢(Ssn) = €.
The location of the shear surface is defined as the radial position at which the
fluid velocity vanishes, v(Sg;) = 0. The DPD simulations allow us to calculate the
fluid velocity in the center of the pore v(0) - see Fig. 3. Setting the electrostatic
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potential at the center of the pore to be zero, we can use the fluid velocity at the
center of the pore and eqn (3) to calculate the zeta potential,

g = A0, @
Ey
where 7 = 5(8/m)°°Ig®, Eo = 8qlsE, , and the reduced velocity is defined as v =
v(mB)°>. The reduced dynamic viscosity for our system can be calculated using
a separate DPD simulation of a simple Poiseuille flow,*** yielding 7=1.13. We
should note that with the natural time scale of our simulations 1, = lg\/mg the
characteristic viscosity is about two orders of magnitude smaller than that of
water. It is easy to rescale the characteristic time, so as to get the exact value of
viscosity of water; however, this will perturb other properties, such as the
electric field, diffusivity, and velocity of ions. There is a large part of the DPD
community working on a way to adjust various parameters in the conservative
and dissipative parts of force in the DPD algorithm to properly describe various
aspects of solutions, and in particular to get the correct Schmidt number. In our
case, however, we shall not worry about these complications, since our goal is to
test the Smoluchowski equation, which for the pore geometry should be valid
for an arbitrary solvent viscosity. The value of { obtained using eqn (4) can be
compared with an independent calculation of the electrostatic potential at the
location of the shear plane. To do this, we will now proceed to construct a DFT
theory that will allow us to accurately calculate the ionic distributions inside the
pore.

4. Density functional theory

As discussed above, the fluid velocity profile can be related with the equilibrium
electrostatic potential via the Smoluchowski equation. The electrostatic potential
can in turn be computed once the equilibrium profiles are known, e.g. by a simple
application of the Gauss law. In order to compute the equilibrium profiles, we
shall here employ the DFT formalism for the model system described above. We
begin by writing the equilibrium grand potential as a combination of different
functionals:

Qi = Fual{pi(r)}] + Falfp,(r)}] +ZJ — w;)pi(r)dr, ()

where {p{r)} denotes the collection of density profiles of the various confined

species, Fiq and Fe denote the ideal gas and excess (over ideal) free-energy

functionals, respectively, u; is the reservoir chemical potential of component i,

and ¢,(r) is the external (surface) potential acting on species i and is composed of

an electrostatic contribution, ¢§'(r), in addition to the hard repulsion potential,
PS(r), at wall-ion contact. The ideal gas contribution is

Fial{pi(r)}] = ks TZJ ) (log (A% p;(i 1) — 1)dr, (6)

where 4 denotes the thermal wavelength. The excess free-energy, Fe, contains
the contributions from all particle interactions. It is convenient to further split
this quantity into hard-sphere and electrostatic contributions, Fex = Fhs + Fel.
The hard-sphere contribution is known to be accurately described by the FMT
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formalism, where it is written in terms of a local free energy density @[n,(r)]
a5106:107

Fuullo()] = jm{na(r)}]dr )

The quantities n,(r) are obtained as weighted averages over the particle
profiles,

ny(r) = Z Jp,- (r’)w,-(“) (r—r")dr', (8)

i

where wf(r — r') are a set of suitable weighting functions (either scalar or vector
fields) that depend on the geometry of the overlapping particles. In the case of
hard-spheres, these quantities correspond to four scalar functions w{*/(R) = @(r; —
R), ®P(R) = 6(R — 17), ®!V(R) = 0P (R)/a1tr; and w?(R) = w{V(R)/4Tr?, and two vector
functions w®(R) = —Vwi(R) = 6(R — r)éz and wV(R) = w®(R)/4rr,. Here, O
denotes the Heaviside step-function, which vanishes if x < 0 and equals one
otherwise and R = |r — /|, r; is the radius of particle component i, and é; denotes
a unit vector pointing in the direction of 7 — 7. Due to the translational symmetry
along the longitudinal direction z and the azimuthal symmetry around the
principal axis of the pore, the equilibrium profiles only depend on the radial
distance S from the cylinder center. It follows that the integrals over both the
azimuthal angle ¢ and the longitudinal coordinate z can be performed explicitly.
The detailed calculations can be found in Appendix A. Here, we apply the White-
Bear version of the FMT, in which the free energy density is given by**"1%1°

mn, — ny-ny 1y — 3mn, -ny
(I—n3)  36mn3(1 —ny)’

BO[{na(r)}] = —no In(1 — n3) +

4m+a—mﬁmuwg. (9)

This functional was constructed to correctly reproduce the Mansoori-Carna-
han-Starling-Leland (MCSL) equation of state in the bulk limit."*¢

The electrostatic functional F. can be separated into mean-field and residual
functionals, Fej = Fmf + Fres, the latter containing all effects from the electro-
static correlations, which are fully neglected in the mean-field contribution. The
mean-field functional reads

2 oy (r'
P 3 [ g o

T 2L [r— |
j

where the sum is performed over all ionic species. This contribution can be clearly
recognized as the electrostatic energy arising from ion interactions, if their
positional correlations are ignored. It is convenient to combine this contribution
with the ion-surface Coulomb interactions present in the last term of eqn (5):

S [ nriar = 35 [0 gy (1)

lr—r
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where g0 (r') = 06(S" — R) is the cylinder surface charge density. We thus arrive
at the total mean-field electrostatic contribution given by:

Fentent = 53 [ 000051, (12)

where y(r) denotes the mean-field averaged electrostatic potential inside the
cylinder:

wm—fj(zy%ov+%m@v>pﬂﬁ? (13)

Since the ionic density distributions depend only on the radial distance, the
averaged potential will clearly possess the same symmetry. Performing the inte-
gration over the azimuthal angle ¢’ and the longitudinal coordinate Z/, one finds

In (%) p:(S)S'ds’, (14)

where we have set the potential to vanish at the center of the cylinder. Note that
the surface charge does not contribute explicitly to the internal potential (apart
from an arbitrary shift), a fact that could have been anticipated based on the
Gauss law and symmetry considerations. Its contribution is, however, implicitly
accounted for by the lack of electroneutrality of the confined ions, whose charge
must balance the charge on the pore surface.

The only contribution left in eqn (5) is the residual contribution Fies, which
accounts for the electrostatic correlations. Instead of calculating this contribution
explicitly, we shall here adopt a different approach, in which the corresponding
chemical potentials will be evaluated in the context of the HNC approach, as
shown below. Application of the Euler-Lagrange condition %: 0 to the

functional eqn (5) then yields
pi(S) = pf exp(—Bah(S) — w*(S) — ui(S)) (15)
for S = R — r;, and p{S) = 0 for S > R — r;. The latter condition is due to the

Bt
. . . . e .
hard-core ion-surface interactions. In the relation above, p? = e are the particle

activities in the reservoir which is implicitly in contact with the system. In prac-
tice, these concentrations are adjusted to provide the desired “bulk” concentra-
tions far away from the surface, at S = 0. The hard-sphere and residual chemical

: fhs 6-;I'-res :
otentials are defined as uh$(S) = and u/*(S) = , respectively. The
P i°(S) 5p1(S) (s) Spr(s)’ TP y
former quantity can be readily evaluated from eqn (7) to be:
s ad’ o I I
Wi () = X ool (- o' (16)
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Again, we emphasize that, due to rotational and translation symmetries across
the longitudinal axis, the integration above is a function of the radial coordinate S
alone (see Appendix A).

In order to calculate the residual ionic contribution u;**(S), we adopt an
approach first introduced by Percus, in which the addition of a particle at some
location of an otherwise uniform fluid is considered as the source of an external
field. This allows for the application of the tools of classical DFT for computing
equilibrium distributions and free-energy changes, which in this case can be
directly assigned to pair correlation functions and excess chemical potentials,
respectively, of the corresponding uniform system. Our strategy here is to relate
the quantity u;°*(r) to the free-energy change upon adding a particle in a uniform
system whose concentrations can be identified as suitable average concentrations
at point r. The physical picture behind this idea is that the insertion of an ion at
a given point will induce a polarization cloud in its vicinity, which comes at the
expense of an energy fluctuation. Alternatively, the energy change upon particle
insertion can be identified as the work that must be done in order to bring the
particle from infinity up to its actual position - the so-called potential of mean
force. In the context of the HNC approach, the change in excess free energy when
an ion is inserted into an otherwise uniform electrolyte is (see Appendix B):

ex 1 ]’l,--(l‘) ST
bus* = Egp;’j(w )~ pav, (17)

where h,(r) are total correlation functions, I'j(r) = hyr) — cj(r), with
ooy L . .
¢ (r) :Cy'(r)—l—% being the short-range contribution of the direct pair

h::
correlations c;(r), and BAY;=06y; — BY] = s> pfay f@ dr is a density-
~

dependent correlation potential - the change in electrostatic potential induced
by the polarizing cloud upon insertion of an ion of species i. These quantities are
related via the Orstein-Zernike equation,

I'y(r) = zk:pg JF,-k (r’)ckj(‘r - r”)dr’7 (18)

il
where I';(r) = hy(r) — c;(r) = I — i ki

by the HNC closure relation,

. This equation is to be supplemented

eir) = e PO ) — 1 (19)

allowing for the unique determination of the two unknowns c;(r) and I'y(r).
Now, eqn (17) can be used to estimate the residual chemical potential in the
context of a local-density approximation, in which the bulk concentrations p}) are
replaced by the corresponding local equilibrium profiles, p; — p(r). The quan-
tities uf*(r) would in that case be local functionals of the density distributions.
However, such local DFTs are inaccurate or even unstable in the case of strongly
charged surfaces, when the local density profiles undergo strong spatial varia-
tions. A more appropriate approach is to consider the free energy to be a func-
tional of weighted densities:

n{r) = f pdr ,)wi(" - r ,)d", (20)

This journal is © The Royal Society of Chemistry 2023 Faraday Discuss.


https://doi.org/10.1039/d3fd00062a

Published on 11 May 2023. Downloaded by PNNL Technical Library on 9/23/2023 11:34:44 PM.

View Article Online
Faraday Discussions Paper

where the weighted functions w/r) are normalized to unity, in such a way as to
recover the uniform densities in the bulk regime. We take the weighting functions

-1/2
to be w;(r) = O(r — R;),where R, =r;+£/2,and £ = (4TclBZpioci2) is the
i

TR

local Debye length at a given point - see the discussion in Appendix B. The residual
chemical potentials are then evaluated in a self-consistent fashion as follows. First,
a set of guess functions p,(r) is introduced (e.g., via solutions of the mean-field PB
equation) and used in eqn (20) to evaluate the corresponding set of weighted
densities. At each observation point r, eqn (18) and (19) are numerically solved
(under the replacement p} — n,(r)) to provide the corresponding functions ¢;(r) and
I'i(r), which now become functionals of the equilibrium densities. The excess
chemical potentials are then computed via eqn (17) at each grid point r. Note that
the pair interactions u(r) in eqn (19) comprise both electrostatic and hard-sphere
interactions, and as a result the excess chemical potential also contains contri-
butions from hard-sphere correlations. Since these contributions are already
accounted for in eqn (16), they have to be removed from eqn (17) to avoid double-
counting. This is done by evaluating this quantity for a uncharged system (g; = 0) of
same concentrations. The resulting excess chemical potentials only contain elec-
trostatic correlation effects, and can be readily identified with the residual chemical
potentials u;*® in eqn (15). After calculating the electrostatic potential and hard-
sphere chemical potentials from eqn (14) and (16), respectively, new profiles can
be obtained from eqn (15). The process is then repeated until convergence is
achieved, following an optimized estimation method described in ref. 147.

In order to test the relevance of electrostatic correlations for ionic distributions
inside charged pores - as well as the performance of different approaches in
accounting for electrostatic correlations — we show in Fig. 2 comparisons between
computer simulations and DFT approaches with different levels of approxima-
tion. Apart from the proposed weighted-HNC approach (red curves), we also show
results in which the electrostatic correlations are fully neglected (amounting to
set u;* = 0, see black curves), as well as predictions from a functional expansion
around the bulk electrolyte in which the MSA approach is used to compute
electrostatic correlations. In the latter case, the residual electrostatic correlations
are computed via the following expression:

Bui™(r) = Bug; EJ (|r = #'|)0p; (r")dr’, (21)

where ug;® are the bulk residual chemical potentials, while ¢j(|r — 7|) are the
electrostatic contributions to the bulk direct correlations (computed in the
framework of the MSA approximation) and 6p(r') = p{(r) — pj represent the first-
order deviations from bulk distributions. Eqn (21) follows directly from a func-
tional expansion of the excess free-energy around a reference bulk fluid. The
resulting bulk-MSA approach has been widely applied as a robust DFT approach
due to its reasonable accuracy and ease of implementation.

It is clear from Fig. 2 that the electrostatic correlations in the case of 2:1
electrolyte are significant, and cannot be neglected (see black curves). We also see
that the bulk-MSA approach is slightly more accurate than the bulk-HNC model in
predicting the depth in counterion distributions, although the position of the
minimum is better captured by the bulk-HNC approach. Overall, both approaches
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Fig. 2 Comparison between equilibrium ionic profiles of 2: 1 electrolyte close to highly
charged cylindrical surfaces, obtained using different DFT approaches and the results from
DPD simulations (open circles). Blue lines are the results of the bulk-MSA expansion
approach, while red curves are the predictions of the weighted-HNC approximation. In all
cases, the ion size is fixed at r; = 0.25(z. The upper panels show counterion (a) and coion (b)
ionic distributions for a surface charge density of ¢ = —0.30 C m~2, whereas the lower
panels show counterion (c) and coion (d) distributions for a pore-surface charge density
g=-042Cm™>2

perform reasonably well in predicting the counterion distributions. However,
a large difference is observed when it comes to the coion distributions. In that
case, the bulk-MSA approach is able to correctly predict the position of the peak in
the anion distribution close to the charged wall. However, the height of the peak
is clearly underestimated (see Fig. 2(b) and (d)). The proposed weighted-HNC
approach is, on the other hand, able to accurately predict both the position
and the height of the maximum of anion distribution. These results indicate that
the proposed HNC approach can work as a promising alternative to the MSA-
based theories in the presence of strong charge-layering effects. As we shall
shortly see, this better agreement between theory and simulations is reflected in
a more accurate prediction of the zeta potentials by the weighted-HNC approach,
at least in cases where electrostatic correlations play a significant role in deter-
mining static ionic distributions.

5. Results

5.1 Monovalent electrolyte

In this section, we show results for the case of confined monovalent electrolyte.
The fluid velocity profiles obtained from DPD simulations for various cylinder
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Fig. 3 Fluid velocity profiles for monovalent electrolyte solution considering two different
jionic radii. The parameters are described in the text. The left and right panels show profiles
for ionic radii r; = 0.25(g and r; = 0.5(g, respectively.

surface charge densities and two different ionic radii are shown in Fig. 3. It can be
observed that, in the case of weakly charged surfaces, the fluid flow increases
monotonically with the surface charge density. However, different qualitative
behaviors are observed as the ionic size is changed. For a small ionic radius, r; =
0.2513, the fluid flow is already saturated at ¢ = —0.18 C m 2. This is not the case
for r; = 0.5lg, where the fluid flow continues to increase even at higher charge
densities. This behavior may appear to be somewhat counter-intuitive since, at
first sight, the stronger confinement in the case of larger ions might be expected
to reduce the ionic mobility. According to Smoluchowski's equation, however, the
steady state velocities at the cylinder center are proportional to the potential drop
at this position with respect to the shear plane. Initially, an increase in surface
charge leads to larger potential drops, which thus enhances ionic flow. However,
as the surface charge increases beyond a certain threshold value, an increasingly
large number of counterions will condense onto the shear plane, which effectively
renormalizes the surface charge and saturates the zeta potential. This is not the
case when the ionic size is increased. In this case, the ability of counterions to
screen the surface charge is reduced by the packing constraints, preventing the
condensation of a very large number of counterions within the shear plane. In
order to clearly observe the saturation (monovalent counterions) and inversion
(divalent counterions) of fluid flow, we plot the fluid velocity in the center of the
pore, S = 0, as a function of surface charge density in Fig. 4. In the case of
monovalent ions, the ionic size does not play a significant role for the fluid flow in
the regime of weak to moderate surface charges (o] < 0.2 C m™>). A significant
size dependence, however, is observed for strongly charged pores. While for small
ions the flow velocity saturates with the surface charge density, for large ions it
increases linearly (Fig. 4, first panel).

Similar behavior is observed with the zeta potential. In previous DPD simu-
lations of a pure DPD fluid,** the shear surface was found to be located at
a distance 0.1r, from the channel surface. Since the hard-core repulsion prevents
ions from coming closer than r; to the pore surface, in the presence of counterions
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Fig.4 Fluid velocity profiles in the middle of the nanopore as a function of charge density
for various parameters. The left and right panels show profiles for monovalent and divalent
ions, respectively.

we will define the shear plane to be located at Sg, = R — r; — 0.1r.. The zeta
potential is then defined as the electrostatic potential at the location of the shear
plane, { = ¢(Sqpn)- This quantity is crucial for understanding the velocity profiles in
the stationary regime and can be obtained using simulations, DFT, or the mean-
field PB theory. Consider the electrostatic potential profiles, shown in Fig. 5. We
observe that zeta potentials, in the case of smaller ions, achieve a saturation
regime beyond which the dependence on the surface charge is very weak. On the
other hand, for large ions, an unbound growth of the zeta potential is observed as
the surface charge on the pore increases. This is consistent with the stationary
flow observed in our DPD simulations. The Smoluchowski equation, eqn (4), can

> r.= 0251, | > r.= 051, |
| | |-o 1cm’)
0 ! Ll —003
— 0.06
A —0.12
~ -5© 0.18
e — 0.24
0.30
10+ —0.36
0.42
— 048
-1 6 8
S,

Fig. 5 Electrostatic potential inside a pore for 1: 1 electrolyte solution for a stationary flow
obtained from DPD simulations. Two different ionic radii are considered, as indicated in each
panel. Further details about the considered parameters can be found in the text.
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Fig. 6 Zeta potential as a function of surface charge density for monovalent electrolyte
and two different ionic radii, as indicated in each panel. The parameters are described in
text.

be used to relate the zeta potential to the fluid velocity obtained from simulations
(Fig. 6, circles). Alternatively, it can be calculated directly from the electrostatic
potential at the location of the shear plane (Fig. 6, squares). Knowledge of the
location of the shear plane also allows us to use DFT or PB theory to predict the
value of the zeta potential. In Fig. 6, we show the comparison between zeta
potentials calculated using simulations, DFT, and PB mean-field theory. The DFT
and PB perform well for low to moderate surface charge densities and small ions.
The PB approach predicts the saturation of the zeta potential for large pore
surface charge, which we clearly see not to be the case for large ions. On the other
hand, the DFT works very well even for high surface charges and large ions. We
also see that the calculations of the zeta potentials obtained using the fluid
velocity at the center of the pore and the Smoluchowski equation agree reasonably
well with the ones obtained from the equilibrium electrostatic potential at the
shear plane. However a significant difference can be noticed for very large surface
charge densities.

5.2 Divalent electrolyte

In Fig. 7, the fluid velocities for 2:1 electrolyte in pores with different surface
charge densities are shown. For ions with radius r; = 0.25/3, the fluid flow reverses
direction when |¢| > 0.18 C m 2. For such pores, more counterions condense near
the pore surface than is necessary to neutralize the surface charge. This leads to
the vanishing of the radial component of the electric field, indicating that the
“effective” charge of the pore has reversed sign. In Fig. 8, we show the electrostatic
potentials inside pores of different surface charge densities, containing 2:1
electrolyte. We can clearly see a highly non-monotonic behavior of the electro-
static potential, in contrast to the monotonic decay observed in Fig. 5. For 2:1
electrolyte inside pores with larger surface charge, the electrostatic potential
develops a maximum close to the shear plane, indicating that the radial electric
field vanishes at this position, signifying that charge reversal has taken place. On
the other hand, for 1 : 1 electrolyte, the electric field only vanishes at the origin, so
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Fig.7 Fluid velocity profiles for 2 : 1 electrolyte solution for ions of two different ionic size,
as indicated in each panel. The parameters are described in the text.

r,= 0251, ! r, = 0.501,

Fig. 8 Electrostatic potential profiles for divalent electrolyte solution considering two
different ionic radii, as indicated in each panel. Details about the considered parameters
are described in the text.

complete neutralization of the surface charge never takes place. Not all of the ions
that are reversing the pore surface charge are within the shear plane and are truly
“condensed”. This results in a very complex fluid flow, where close to the pore
surface the fluid flows in one direction, but farther away it reverses the flow. For
such complex flows, we find that the Smoluchowski equation is only semi-
quantitatively correct. In particular, it does not precisely predict the location of
the stagnation surface where the flow velocity vanishes - see Fig. 7.

Comparing Fig. 7 and 8, we see that the appearance of a maximum in the
electrostatic potential can be associated with the reversal of the electroosmotic
flow. Furthermore, we observe that for bigger ions with r; = 0.5/, the reversal
occurs even for relatively weakly charged pores, 0.06 Cm™> < |o| < 0.4 C m > Note
that the lower bound for the reversal of the electroosmotic flow in this case is 3
times smaller than for ions of radius r; = 0.25/. On the other hand, for large ions
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and |o| > 0.4 C m ™2, the flow reverses again, returning to the original direction.
This behavior is a result of strong steric repulsion between large ions. For strongly
charged pores, there is no space near the pore surface to pack a sufficient number
of counterions necessary to neutralize or reverse the surface charge of the pore.
On the other hand, the fact that large ions are more efficient than small ions at
reversing the electroosmotic flow for weak-to-moderately charged pores, at first
sight, appears very surprising. The explanation for this counterintuitive behavior
is two-fold. The contact theorem allows us to relate the concentration of ions in
contact with the surface to the osmotic pressure.****** For the same number of
ions, the pressure will be bigger for large ions than for small ones. This is due to
electrostatic and steric correlations between the counterions and coions. When
a counterion is in the bulk (far from the surface), its electric field is perfectly
screened by the other ions of the electrolyte. This leads to favorable (negative)
electrostatic solvation free energy.”” When an ion moves to the surface, the
screening cloud is deformed and the solvation free energy becomes less negative.
Clearly the effect is much more important for small ions - when cations and
anions can come in close to each other - than for large ions. Therefore, the
electrostatic solvation free energy favors small ions to stay away from the surface
more than large ions. In addition, the steric repulsion between the ions in the
bulk raises the osmotic pressure of large ions, compared to the small ions at the
same concentration - again favoring the expulsion of large ions towards the
surface of the pore. These two mechanisms explain why, for the same bulk
concentration and (small to moderate) surface charge density, larger counterions
adsorb to the surface more than small ions.

Using the same location of the shear plane as for 1:1 electrolyte, we can once
again calculate the value of the zeta potential from the stationary electrostatic
potentials inside the pore. Alternatively, the zeta potential can be calculated using
the Smoluchowski equation, eqn (4), and the fluid velocity at the center of the pore
obtained from the DPD simulations. The results are shown in Fig. 9. The proposed
DFT theory can also be applied to calculate the zeta potential considering the same
shear-plane definition. All approaches (including the DFT in the context of the
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Fig. 9 Zeta potential as a function of the surface charge density for divalent electrolyte
and two different ionic radii, as indicated in each panel. The remaining parameters under
consideration are described in the text.
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Fig. 10 Velocity profiles for 2 : 1 electrolyte calculated using the Smoluchowski equation,
eqn (4), with the electrostatic potential calculated directly from the simulations, for two
different ionic radii as indicated in each panel. Although the fluid flow profiles are quali-
tatively similar to the ones observed in the DPD (Fig. 7), there are clear quantitative
differences. In particular, note that the peak in velocity predicted by the Smoluchowski
equation is significantly smaller than what we see in simulations. This clearly indicates the
breakdown of the Smoluchowski equation for multivalent electrolyte solutions.

bulk-MSA approach) are compared in Fig. 9. From these results, it is clear that the
proposed weighted-HNC approach performs better than the traditional bulk-MSA
approximation in the case of smaller ions, where electrostatic correlations play
a major role. On the other hand, the weighted-HNC approach becomes less accu-
rate in the case of larger ion sizes and strongly charged surfaces. Such a lack of
accuracy can most likely be attributed to the large averaging size of the weight
function, which makes it difficult to capture strong local variations in the coun-
terion distributions of large ions in close proximity to highly-charged surfaces. We
also note that the agreement between zeta potentials calculated using the Smo-
luchowski equation and the shear plane can be improved by supposing that the
shear plane moves farther away from the pore surface for highly charged pores.
However, a more critical analysis indicates that for 2:1 electrolyte the Smo-
luchowski equation starts to breaks down. This is particularly evident when
a complex two-layer flow takes place. If we use the exact stationary electrostatic
potentials obtained from the DPD simulations to calculate the full velocity profiles
using the Smoluchowski equation (eqn (4)) - see Fig. 10 - we find only a qualitative
agreement. In particular, the peak in velocity close to the pore surface predicted by
the Smoluchowski equation when reversal of the electroosmotic flow takes place is
significantly smaller than what we see in simulations, indicating that in the case of
2:1 electrolytes the Smoluchowski equation is only qualitatively valid.

6. Conclusions

In this paper, we have studied the electroosmotic flow in charged nanopores with
monovalent and divalent electrolyte with ions of two different sizes. The fluid flow
depends strongly on ionic size and charge. This is due to strong steric and elec-
trostatic correlations close to the charged surface. The zeta potential obtained
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from the DPD simulations can also be calculated using either the PB equation or
DFT, given the location of the shear plane. For low to moderate charge densities,
in the case of small ionic size and monovalent electrolyte, both theoretical
approaches are quite accurate. On the other hand, for large monovalent ions, the
PB theory fails to predict the correct zeta potentials and corresponding electro-
osmotic flow, while the DFT remains very accurate, even for highly charged
surfaces. The zeta potential obtained using the Smoluchowski equation agrees
reasonably well with the mean electrostatic potential at the shear surface, located
slightly away from the contact plane, for both monovalent and divalent electro-
lytes. The proposed weighted-HNC DFT approach works well up to high surface
charges, specially in the case of smaller ions, in which case its performance is
shown to be better than MSA-based DFT approaches. In the case of large ions, the
theory is only semi-quantitative when the channel surface charge becomes very
high. This is partially due to packing effects which can not be properly described
in the framework of the HNC approach. Moreover, the larger averaging sizes of
the weighted-densities in the case of bigger ions close to highly-charged surfaces
may underestimate the role of electrostatic correlations, thus requiring the need
for different weighting approximations in this case. We also note that the Smo-
luchowski equation starts to break down for 2:1 electrolyte, predicting fluid
velocity profiles that are significantly different from the ones observed in DPD
simulations. In future work, it would be important to understand the mecha-
nisms responsible for the breakdown of this important equation.

Appendices
Appendix A: FMT in cylindrical coordinates

In this Appendix, we shall present some details regarding the FMT imple-
mentation in cylindrical coordinates. To this end, we consider a system subject to
an external potential which possess both azimuthal and longitudinal symmetries
in a cylindrical coordinate system, as depicted in Fig. 11. As a consequence of
rotational and translational invariances with respect to the longitudinal axis (z-
axis), the resulting density profiles will depend only on the radial coordinate S,
i.e., the transversal distance from the z-axis. The quantities in FMT can be
expressed as convolutions of the type

fr) = [or — r)p(r")dr’ (A1)

where w(r — ¥) are short-ranged functions which depend on the distance between
source (') and observation (r) points. In order to numerically evaluate the above
integral, it is convenient to consider (without loss of generality) a cylindrical coordi-
nate system in which the observation point lies along the x-axis, as shown Fig. 11. In
terms of Cartesian unit vectors é;, the observation and source points can be written as
r=3Sé.and r' = S cos ¢'é, + S’ sin ¢'é, + 2¢é,, respectively, where (S, ¢', Z) denotes the
set of cylindrical coordinates of point ¥. Defining R = r — ¥ as the vector connecting
observation and source points, it follows from this choice of reference frame that

R = (S — Scos¢)é, — §'sing'é, — Zé. (A2)
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Fig. 11 Cylindrical coordinate system that has been set up for our FMT calculations. The
observation point r lies along the x-axis, whereas the source points ¥ can be located
anywhere.

The distance between observation and source points can thus be written in
cylindrical coordinates as R = /|R|* = \/S? + 5 — 288 cos¢' + 2>=VR" + 22,

where R=|S — §'| = /82 + 52 — 255 cos¢’ is the transversal distance between
these points, and can in the following be interpreted as an implicit function of S,
§" and ¢'. Let us first consider the case in which w depends only on the distance
between observation and source points, ie., w = w(R). In this case, the integral
eqn (A1) can be explicitly written as

f(S) = J: S/p(S/)dS/ r dg' J:o w(R)dZ, (A3)

—TT

where we have exploited the radial symmetry of the density distributions. Since R
is an even function of both z’ and ¢/, the integrals above can be rewritten as

f(S)=4 J: S'p(s)ds’ J: do' J: w(R)dZ, (A4)

where the factor of 4 accounts for the change in the lower integration limits. Now,
the integral over Z' can be converted into an integration over R via the substitution

7 = VR? —R’, which implies d’ = RAR/VR> — R’ = % <\/ R -R dR). With
this substitution, the function f{r) now reads
/(8) = 4[ S’p(S’)dS’J do’ rw(R) % (\/R2 R >dR (A5)
0 0 R
Since the weight function w(R) vanishes beyond some cut-off distance R., the

replacement w(R) — «(R)O(R. — R) can be made above. Clearly, f{S) will be zero
when R > R., as the last integral above spans a region where w(R) vanishes
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identically. More precisely, f{S) will be non-zero for a given S only in regions (', ¢')
in the transversal plane such that R < R.. This condition limits the range of
integration along the planar variables S’ and ¢’, which are constrained to satisfy:

R* =8+ 8% — 28Scos ¢’ = R (A6)

Since cos ¢' is limited to the range —1 < cos ¢’ =< 1, it is clear that the function R =
|S — S| has its range limited to the region |S — §'| = R = S + §'. Therefore, for points in
the transversal plane in which R. is larger than the upper bound of R, i.e., such that S +
§' = R, the condition above will be satisfied for all ¢’ in the range 0 < ¢’ < , in such
a way that the limits of integration of ¢’ need not be changed in eqn (A5). Note that,
since both S and S are non-negative, this requirement can only be satisfied at
observation points such that S < R, (or, equivalently, |r| = R.). This condition implies
that the integration over S’ (when S < R.) can be performed over the range 0 < §' < S —
R., while the integration limits in ¢’ are kept unchanged. In the remaining interval (S
— R. = § = 5+ R.), the upper bound in the ¢’ integration has to be changed in order
to fulfil the condition in eqn (A6). This happens because, when S + S’ > R, the
fulfilment of the condition in eqn (A6) further requires that R. should exceed the
lower bound of |S — §'| < R, (since otherwise R < R, for all ¢). In that case, the integral
over S’ should be limited to the range |S — §'| <R, i.e.,S — R. = S = S+R.if S> R. and
R. — S =S = S+R.when S < R.. This means that the inequality in eqn (A6) will
certainly be satisfied at the lower limit ¢’ = 0, but not at the upper bound where ¢’ = 7
(since S + S’ > R.). As a consequence, there must be a maximum value of ¢’ within the
range 0 = ¢’ < T, up to which the condition in eqn (A6) is no longer fulfilled. The
corresponding value of ¢’ is obviously the one that corresponds to the equality of
both sizes of eqn (A6), which leads to:

S+ 5% — RS2 (S+8) - R}?
_ 1 c _ -1 c _ 1]. A7
@ = COS (*2 <5 cos” | e (A7)

It is important to notice that the algebraic equation above is limited to situ-
ations where |S — §'| = R. = § + § (the case in which |S — S| > R, makes the
integrand vanish identically, whereas the case S+ §' > R, — S <R, — S has been

12 2
discussed above). These conditions make sure that the quantity W is
(S+8)” — R

288’
a real solution for ¢,, in eqn (A7) can be found numerically.

In view of the above discussion, the integrals representing f{S) in the case of
functions w(R) that vanish beyond a given cut-off distance R. can be simplified as
follows. In the situation where S < R., we have:

1153 w1705 [0 [ ot g (Ve 7 Jar

0

always limited within the range 0= =2, which guarantees that

RS Jo

+JRC+S/ rm i J:c w(R)dc;< /R2 _ 17‘,2)(“3’ (S=R.), (A8)

whereas in the region S > R, the function f{S) can be explicitly written as:
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1(S) = 4[5% p(5)s'ds’ J: dg’ J: (R )d‘; (\/ R 2>dR (S>R.), (A9)

S—Rc

where ¢, is the solution of eqn (A7). Notice that the first term in eqn (A8)
corresponds to the situation where S + §’ < R., in which case condition eqn (A6) is
satisfied for all values of ¢'. It is also important to note that the upper integration
limit S + R, in the radial integrals is in practice to be replaced by min(S + Rc, Sm),
where S, is the maximum radial distance from the z-axis (e.g., where the system
boundary is located). Finally, we mention that the integrals over R have been
written in a format suitable for evaluation via integration by parts, once the
functions w(R) are explicitly known.

We are now in a position to apply the above general results to obtain explicit
integrals for the FMT weighted densities in eqn (8). The weighted densities n(*)(S)
should now play the role of f{S) in eqn (A8) and (A9), while w(R) is to be replaced by
the corresponding weighted densities, with cut-off distances R. — r;. Let us start
with {®(R) = O(r; — R). This case corresponds to the replacements w(R) — 1, R.
— 1, and f{S) — n®(R) (together with an implicit summation over all particle
species 7). The integrals over R in eqn (A9) can be evaluated right away, yielding:

_42J ( RZ—R2>

S— ),
with similar relations holding for the case S = R, = r; in eqn (A8). Evaluating
the upper and lower integration limits, we find:

42 rﬂ s'ds’ J:m do'\/r2 — R

S—ri

S+ri Pm ,
—4ZJ SdS L de \/riszsz’anZSS’ cos ¢’

;Sl}

S+ri i

)s'ds’ J de' (S>r), (A10)

R

(A11)

Now, application of the trigonometric identity cos ¢’ = 1 — 2 sin*(¢'/2) followed
by a changing of variables ¢ = ¢'/2 — ¢’ = 2¢ leads to:

S+ri p , Pm/2
—8ZJ 2 —(8—8) dSJ doy/1 -k sine, (S>r),
0

Sr,

E(kispm/2)
(A12)

where we have written the azimuthal angle integration in terms of the elliptic
integral of the second kind E(k, 6), defined as:

6
E(0,k) = J \/1— k2 sin’pde, (A13)

0
/

4SS
where k;=, /| ——————. Since E(f, k) is defined to be a real-valued function,

= (5- 5]
the above definition implicitly implies that k* sin* § < 1 or, equivalently, k < 1/sin
0. To check whether this is indeed the case when 6 — ¢.,/2 and
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k— \/4SS'/[r[2 — (S —8')%], we use eqn (A7) (with the substitution R, — r;) to

evaluate the quantity sin*(¢.,/2) as:

.2 71 71 riz—(S+S')2
sin ((01,1/2) - 2 (1 Cos (pm) - 2 2+ ZSS/
Al14
CesesP 1 (A14)
4SS’ kY

We then conclude that k; = 1/sin(¢.,/2). It is convenient, from a numerical
point of view, to use this identity to define the coefficients k; numerically. This is
an important step during the numerical evaluation of the elliptic integrals, since
very small numerical fluctuations in the evaluation of ¢ from eqn (A7)
might render the square root in the definition of E(k, 6) negative, leading to
inconsistent results. Using these definitions, the weighted-density n'®)(S) for S > R,
simplifies to:

S+ri

n3(8) = 8ZJ pi(S)S'\ 12— (S = 8)VE(ki,0,/2)dS', (S>7,). (A15)

S—ri

Similar calculations apply for the case S < R. = r; in eqn (A8), whereby the
substitution ¢, — 7 must be done in the first integral of eqn (A8), leading to:

ri—S

n(S) = SJ pi(S)S'\/1r2 = (S — SV E(k;, 7/2)dS

0

S+r;
*J pi(S)S'\/r? = (S = ) E(ki, 9 /2)dS’ (16)

We now proceed to the computation of the weight density n*(S), corre-
sponding to the substitutions w(R) = w?(R) = 6(R — R.) (with R, = r; and an
implicit summation over particle competent i) in eqn (A8) and (A9). Again, the
integration over R can be performed straightforwardly, providing (for S > r;):

St N o , d =2
2 _ 2 _
S)_4§i L p(S)S L do dR( R*— R )R‘

—r

:4ZV;JSH[P(S') N N W (s>

— 8% +285 cos ¢

(A17)

Once again, we invoke the trigonometric identity cos ¢’ = 1 — 2 sin*(¢’/2) and
change variables from ¢’ to ¢ = 2¢’, such that the angular integration takes the
form:

S+r; 4 Pm/2
J _n8)s J do (S>r), (A18)

Sm/- (s—5) \/1=k2sin® ¢

F(kivp/2)
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where now we have identified the angular integral with the elliptic integral of the
first kind F(k, 6), defined as:

0
Flkt) = | ——22— (A19)

04/1— k2 sin’p
where again the identifications 0 - Om/2 and

k—k = \/4SS'/[ri2 — (8 —8')%] = 1/sin(¢,,/2) have been made in eqn (A18),
where ¢, is given by eqn (A7). The weighted function n®® is thus simplified to:

S-+ri p[(S,)S,
S—r; r,-z _ (S _ S/)Z

n(8) =83 J Flki,0,/2)dS',  (S>r,). (A20)

Proceeding along the same lines, it is easy to verify that in the region S < r;,
given by eqn (A8), the function n*)(S) takes the form:

n(S) = 8 rﬁsL/)S/F(khﬁ/z)ds’
S

Str; ) S/ S/ ,
+J _nl8)S g (kis pn/2)dS", (S <ri). (A21)
n=S\[r2 — (S -8

Although the elliptic integrals F(k, §) and E(k, 6) are defined as integrals over ¢,
it is important to notice that these functions can be efficiently computed through
their power-series expansions, since recurrence relations among successive
coefficients are known, allowing for a systematic and precise numerical evalua-
tion of these functions.*

Let us now consider the third independent weight-function in the FMT
formalism, w{?/(R) = 6(R — r;)éz = —Vw{®)(R), which is a vector quantity. Here, éz =
R/R is the unit vector connecting observation and source points. It is now
convenient to go one step back and write each Cartesian component of n®(R)
using eqn (A2) and (A3). The resulting components read as:

- ~ “ | (R)|

2.z, = (V548 [ do(s— 8 cos o) [ 12O RN 4

n?-e, = Z . p;(S)SdS an dg' (S—S cos o) J,w z dz (A22)
“ / ! ™ . ! [ wi(z) R !

n?.&, = Z . p,-(S)S’zdS J,n d¢' sin ¢ .‘700 %dz (A23)
® ) T “ (R

n? e, = Z ) pi(S))S7ds’ L de' L %ﬁdz (A24)

It is now clear from the above relations that the y and z components of n®
vanish, since R is an even function of both ¢’ and 7, and thus the integration over
these variables involves odd functions (for y and z components, respectively) in
a symmetric interval, and therefore will vanish. This is not the case for the x
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component, since both integrations over ¢’ and z’ involve even functions of these
variables. We then conclude that the vector n® points along the observation point
direction é, (which was chosen in such a way as to coincide with the x-axis). Again,
the 2’ integration can be performed by changing variables to R = V/ R +2 (such
that dz = RdR/z = RAR/V R> — R*). Substituting |w;?(R)| = 6(r; — R), we find:
. * T * 6(rp—R
n?(S) = 4erZJ S’p[(s’)ds’J (S-S cos ¢) J (’—LdR, (A25)
7 Jo 0 R\R_R
where the factor of 4 arises from the change in the lower integration limits in ¢’
and 7. As before, the integration over R vanishes unless R < R, = R;. As discussed
above, this condition further restricts the ranges of integration in S and ¢/,
depending on whether S = r; or S > r;. Again, the arguments presented above carry
over to this case as well. Therefore, for S > r;, the expression above simplifies to:

S-+ri

Pm _ J !
) (S) :4@,ZJ S’p,.(s’)ds’J (S=Scos¢)y (A26)

0 ~2

S=ri riz — R

In order to evaluate the angular integration, we notice that the integrand in
eqn (A26) can be written as:

(S—S'cosg) 1 (28—255 cosq)

/V;Z _R T 2s /i’i2 _R

RZ

S+ 8% — 288 cos ¢ —r? + 8> — 87 + 71}

. (A27)
28 /ri2 _R
_ 1 (Rz—rf2+Sz—S’2+r,~2>_ 1 r2 ~2+S2_S,2+r,'2
28 o 7 28 o e
Integrating both sizes of the above expression in ¢’ leads to:
F(kipm/2)
S2— 87412 (S dg
2 ~|
J“’m (S—S’cosw')d | 2= (S—=8)7  \J1—k?sin’ ¢
e = —
0 2R 28 /2
' 24/r2 = (S — S/)ZJ \/ 1 =k sin® pde
0
E(kispm/2)
(A28)
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where the factor of 2 comes from the change of variable ¢ = 2¢’ in the integrals.
Again, we have identified the integrals over angles with elliptic integrals of the
first and second kind. Replacing the above result into eqn (A26), we find:

Stri S? — Slz + V,'Z
n?(8) = iérZJ S'pi(S) QF(khtpm/Z)
S~ s, 2 72
i i ri© — (S - S)
- riz - (S - S’)z E(ki7 (pm/z) ) (AZQ)

which is valid in the region S = r;. Similarly, the calculations above can be equally
applied to the case S < r;, in which case one obtains:

n?(S) =

F(ki,m/2) —\/r? — (S — SV E(k;,7c/2)

ri+S , , S2 - S’z + j2 () 3
+J, VSP,'(S) (V>ZF(ki7<Pm/2) 12— (8 =8 E(ki,pn/2)
(A30)

Eqn (A15), (A16), (A20), (A21), (A29), and (A30) provide explicit integrals for the
weighted-densities n%)(S), n®)(S) and n'?(S) for all values of S. Since these integrals
involve only the coordinate §’, and are performed over the range of a particle
diameter, they can be easily evaluated numerically, once the functions p,S) are
provided as input. The remaining weighted densities follow directly from the
relations among the corresponding weighted functions, i.e., ®(R) = w®(R)/
(47R), w(R) = 0@ (R)/(47R?), and w(R) = 0 (R)/(4TR).

Appendix B: residual correlations in the HNC approach

In this Appendix, a detailed derivation of eqn (17) is presented in the context of
the proposed DFT-HNC approach. The model is based on a particle insertion
method, in which a change in local chemical potential is considered when an ion
is placed at a given location. To illustrate how the method works, we start by
considering a change in free energy in an otherwise uniform system, driven by
a given external potential that shifts the local concentrations by an amount
Ap{r) = pfr) — p?, where p? are the uniform concentrations in the absence of the
field. It is convenient to consider that the change in particle concentrations takes
place continuously as the external field is “switched on” slowly from zero up to its
final value. This is done by assigning the particle densities a parameter A such that
pir; A= 0) =p{ and p,(r; A = 1) = p,(r). If the concentrations are assumed to change
across an equilibrium path, the one-to-one correspondence between equilibrium
densities and applied field (assured by Henderson's theorem*****) implies that
the coupling parameter A can be equivalently thought of as a controlling

This journal is © The Royal Society of Chemistry 2023 Faraday Discuss.


https://doi.org/10.1039/d3fd00062a

Published on 11 May 2023. Downloaded by PNNL Technical Library on 9/23/2023 11:34:44 PM.

View Article Online
Faraday Discussions Paper

parameter of the field strength. When the coupling parameter A is changed by
a differential amount dA, the density profiles undergo a change

dp(r; A
of dp(r;A) = pg; )dA at each point r. Accordingly, the change in excess free
energy is given by
o exp 5y 9Pi(r12)
dF*() = ZJ (e, 2) 2250 i, (B1)

-

eX
Bpj (r7 /\)
of this equation leads to the following exact relation for the free-energy change
due to the applied field:

where ,uf" = is the excess chemical potential. Integrating both sides

! ap;(r; A
AFF=Fr =Y [ d2 [M;X(r; 2 —"f(g; ar, (B2)
0 o

J

where F{ is the free energy of the corresponding homogeneous system. Since the
continuous path connecting initial and final states is arbitrary, we can take it to be
of a linear dependence, p/(r; 2) = pj(-] + AApj(r). With this choice, the above relation
is simplified to

AFs =Y JAp/-(r)dr J; da J (s 1) (B3)

J

The excess chemical potential at coupling A can be similarly obtained by
considering the change in this quantity when 2 is continuously changed from zero
up to its actual value:

Apg™(r; 2) = ™ (r;2) — ,u? = —kBTZ L dx chk (r, ¥ A/)Apk (r/)dr/7 (B4)
3

where i = u®(4 = 0) is the excess chemical potential of the uniform system, and
du(r; 2)
dpi(r's V)
quantities are to be computed for the inhomogeneous system, across the whole
set of continuous coupling parameters. The HNC approach amounts to setting
cilr, 15 X) = cil|r — 7]), where ci(Jr — r’|) are the direct pair correlations for the
uniform system (i.e., at A = 0). Inserting this approximation into eqn (B4) and (B3)
leads to the following expression for the excess free-energy change within the
HNC approximation:

cjk(r,r';l’) = are direct correlation functions. In principle, these

k T ! / /
_BT chk(‘r —r|)Ap;(r)Ap, (r)drdr, (B5)
i

AF™ =

where the particle conservation constraint [Ap{r)dr = 0 has been employed. This

relation is similar to a mean-field approach, which is readily recovered when the

direct correlations are replaced by their long-range counterparts, c(jr — r|) —

—Buy{|r — '|). Now, the total change in the grand potential when the field is turned

on is AQ = AF'Y 4 AF™ 4 2_pj(r)(¢;(r) — w;)dr. Therefore, in the context of the
J

HNC approximation, the change in grand-potential induced by an external field is
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BAQ = Z J/"(") [log(4%p;(r)) — 1 + Be;(r) — Buy] i

J

_ZJ (log(/l3 0) —1- ﬁuj)dr - 2ZJc,k ’)Apj(r)Ap,c (¥)drdr'.

(B6)
. S - AQ .
A straightforward application of the Euler-Lagrange condition ) =0 in
the above functional leads to the following equilibrium distributions:’
p;(r) = p exp { —B;(r) + ZJ r|)Ap (¥)di ,]. (B7)

Substitution of these equilibrium densities into eqn (B6) provides the total
change in grand-potential induced by an external field:

pAQ = 22]% ¥ |)Ap;(r)Ap () drdr +p,zJc/k(|rfr/|)Apk(r')drdr’

(B8)

These expressions are valid within the HNC framework, for external potentials
¢(r) of arbitrary sources. Now, we can take advantage of the Percus insertion
method by choosing the potential source as an ion of species i located at point r.
In this case, the potential acting on a particle of type j at position 7, ¢,(r), is to be
recognized as the pair interaction u(|r — r'|), while the change in grand-potential
can be identified as the chemical potential u,(r) - the change in free energy upon
inserting a particle of type 7 at position r. Likewise, the density variations Ap,(r)
are due to the polarization charges induced by ion insertion, Ap/(r') — p}(g;(|r —
r|) — 1) = p/hy(|r — ¥|). With these replacements, eqn (B7) becomes:

2(r) = exp { —Buy(r) + > _p} Jh (e (|r — r’>d"} ' (B9)
k

This relation can be further simplified using the OZ equations for the uniform
system,

Ty(r)=hy(r) — c(r Zpk‘ cie(|r =¥ )y (') dr. (B10)

Replacement of eqn (B10) into (B8) leads to the traditional HNC closure rela-
tion for the bulk fluid:

gif(r) = exp(—LBu(r) + I'y(r)) (B11)

In the context of Percus insertion method, the change in free energy in eqn (B8)
can be identified with the excess chemical potential related to the addition of
a particle of type 7 at position r. Under the substitutions Ap/(r') — p/g;(r) and AQ
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— ui¥(r), and making use of the OZ relation, eqn (B10), the excess chemical
potential within the HNC formalism can be written as

Bu = ZZPI J () Ty (r)dr + ij [ i (r)dr. (B12)

Notice that, since the unperturbed system was uniform, the chemical potential
does not depend on the particular point where the particle has been placed. In the
case of coulombic interactions, it is convenient to split the direct correlations into
short and long-range contributions, c;(r) = c,s-jr(r) — Igagofr and T5(r) = Ty(r) +
Igoeifr = hy(r) — c(r). The contributions cj(r) come from short-range correla-
tions, including hard-sphere interactions. The chemical potential in eqn (B12)
can thus be re-written as:

r sr ,--(l‘) dr
= 2ZpIJ (I d;’-i—Zp]JF dr—oleZp]a,J( ]2 -

(B13)

The first term in the last integral vanishes due to the overall charge neutrality
of the uniform system, Zp}’aj = 0, while the second term can be related to the
correlation potential, i.e./ the change in the average electrostatic potential due to
the polarizing cloud around the inserted ion,

A
BAY,; = ZC(/IBJ p, d = ZZBCWJ/ J
J

) dr. (B14)

Note that, contrary to the mean-field potential (which vanishes in virtue of
charge neutrality of the uniform fluid), the fluctuation potential takes account of
electrostatic correlations in the bulk system. These contributions are naturally
incorporated into the excess chemical potential in eqn (B13), along with the short-
range steric correlations. Once these steric correlations are removed from eqn
(B13), this quantity can be used to estimate the residual correlations in the
inhomogeneous system. This can be done via a local approximation in which the
bulk densities in eqn (B14) are replaced by their local values, p; — p,(r). However,
this approximation is known to be problematic for strongly inhomogeneous
fluids. Therefore, a more suitable approach in these cases is to replace the bulk
densities with the weighted densities n,(r), defined in eqn (20). Here, we propose
a simple approach by considering a uniform weighting w,(r) = 30(r — R))/(47R;),
where the averaging radius is defined as R; = (a; + 1/k(r))/2, where o; is the ionic

-1/2
diameter and 1/k(r) = {4TCZBZpi(r)a,'2} is the Debye length. Since the
i

distance between two equally charged ions is expected to scale as ~a; + 1/, the
proposed averaging size can be interpreted as the excluded radius of a single ion
(i.e., half of the averaged ion—-ion distance). Therefore, the chosen quantities R; are
typical distances that measure the decay of the polarization cloud around the
center of an ion of radius r;. The residual chemical potentials are then calculated
as follows. First, a set of weighted-density profiles are computed starting from the
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initial PB solution. The excess chemical potentials u;*(r) = ui"({n{r)}) are then
evaluated at each position r by solving the OZ equation in Fourier space,

Ty(k) = hu(k)éy(k), (B15)
k

where I;(k) = (ﬁz JT ;(r)e®Tdr (analogously for hy(k) and ¢;(k)). This
T

relation is supplemented by the HNC eqn (B11), yielding I';i(+) and ¢{/(+'), from
which the excess chemical potentials can be evaluated via eqn (B13). Note that the
local densities appearing in eqn (B14) do not satisfy electroneutrality near the
pore surface. In order to avoid spurious divergences of chemical potentials,
a uniform, structureless neutralizing background has to be included in the HNC
chemical potentials eqn (B13), such that the mean-field electrostatic contribution
in eqn (B13) vanishes. In a second step, the same HNC equations are solved
considering the same weighted functions for a system of hard spheres («; = 0),
from which the corresponding hard-sphere excess chemical potentials, ugs(r), can
be computed. Finally, the residual correlations for a given set of weighted
densities are obtained from u}**(r) = ufX(r) — ul(r). These residual contributions
are then used to obtain new profiles, along with improved estimates for the weight
functions. The whole process is then repeated until a convergent solution is
achieved.
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