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Charge regulation of colloidal particles
in aqueous solutions

Amin Bakhshandeh, a Derek Frydelb and Yan Levin *a

We study the charge regulation of colloidal particles inside aqueous electrolyte solutions. To stabilize a

colloidal suspension against precipitation, colloidal particles are synthesized with either acidic or basic

groups on their surface. On contact with water, these surface groups undergo proton transfer reactions,

resulting in colloidal surface charge. The charge is determined by the condition of local chemical

equilibrium between hydronium ions inside the solution and at the colloidal surface. We use a model of

Baxter sticky spheres to explicitly calculate the equilibrium dissociation constants and to construct a

theory which is able to quantitatively predict the effective charge of colloidal particles with either acidic

or basic surface groups. The predictions of the theory for the model are found to be in excellent

agreement with the results of Monte Carlo simulations. This theory is further extended to treat colloidal

particles with a mixture of both acidic and basic surface groups.

I. Introduction

Aqueous solutions are of great importance in biology and
chemistry.1–4 In many cases such solutions are ionic. The
long-range Coulomb interaction between charged particles is
the main source of difficulty for exploring the thermodynamics
of such systems.5–11 Because of organic functional groups,
many surfaces and membranes acquire surface charge when
placed in water. From their interaction with water and an acid
or a base these functional groups can either lose or gain a
proton, thereby becoming charged.12,13 The amount of charge
gained in this process depends on the pH of the solution14,15

and the process is known as charge regulation (CR).16–32 CR is
of great importance in colloidal science, biology, and
chemistry33–61 and is responsible for the stability of many
different systems.62–71

The concept of charge regulation was first described by
Linderstrøm-Lang and later developed by many other
researchers.20,72–77 The first quantitative implementation of
charge regulation was performed by Ninham and Parsegian
(NP)78 who combined the idea of local chemical equilibrium
with the Poisson–Boltzmann theory introduced by Gouy and
Chapman sixty years earlier.79,80 The fundamental assumption
of the NP theory is that the bulk association constants
can be used to study proton transfer reactions with the surface

adsorption sites. Within the NP approach the bulk concen-
tration of hydronium ions is replaced by the local density
determined self consistently by the Boltzmann distribution,

csurfHþ ¼ cbulkH3Oþ
expð�bf0Þ; (1)

where b = 1/kBT and f0 is the electrostatic surface potential.
The NP theory relies on the Poisson–Boltzmann equation

with the CR implemented as a new boundary condition. The
two parameters that determine the boundary conditions are the
equilibrium constant of the chemical reaction taking place at
the surface, and the surface density of the chemical groups.
Within the NP model, the surface is homogeneous, therefore,
the model ignores the discrete structure of surface chemical
groups. Another assumption is that the equilibrium constant is
defined in terms of the concentrations of the reacting species
rather than their activities. The validity of this assumption
needs to be tested, since the concentration of hydronium ions
can be quite large near a charged surface. Finally, the value of
the equilibrium constant at the surface is assumed to be the
same as for the reaction in the bulk. This is clearly far from
obvious.

In this paper we will focus on spherical colloidal particles
with acidic and basic surface groups. If a colloidal particle has
Nsite basic functional groups on its surface then the effective
surface charge within the NP theory is found to be

s ¼ KBulkNsiteqcae
�bf0

4pðaþ rionÞ2ð1þ KBulkcae�bf0Þ; (2)

where a is the colloidal radius and ca is the bulk concentration
of the strong acid. On the other hand if the surface has Nsite

a Instituto de Fı́sica, Universidade Federal do Rio Grande do Sul,

Caixa Postal 15051, CEP 91501-970, Porto Alegre, RS, Brazil.

E-mail: amin.bakhshandeh@ufrgs.br, levin@if.ufrgs.br
b Department of Chemistry, Federico Santa Maria Technical University, Campus San

Joaquin, 7820275, Santiago, Chile. E-mail: derek.frydel@usm.cl

Received 7th July 2020,
Accepted 10th September 2020

DOI: 10.1039/d0cp03633a

rsc.li/pccp

PCCP

PAPER

Pu
bl

is
he

d 
on

 1
5 

Se
pt

em
be

r 
20

20
. D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

id
ad

e 
Fe

de
ra

l d
o 

R
io

 G
ra

nd
e 

do
 S

ul
 o

n 
2/

10
/2

02
1 

7:
31

:4
5 

PM
. View Article Online

View Journal  | View Issue

http://orcid.org/0000-0001-5448-5179
http://orcid.org/0000-0002-0636-7300
http://crossmark.crossref.org/dialog/?doi=10.1039/d0cp03633a&domain=pdf&date_stamp=2020-10-25
http://rsc.li/pccp
https://doi.org/10.1039/d0cp03633a
https://pubs.rsc.org/en/journals/journal/CP
https://pubs.rsc.org/en/journals/journal/CP?issueid=CP022042


This journal is©the Owner Societies 2020 Phys. Chem. Chem. Phys., 2020, 22, 24712--24728 | 24713

acidic groups, the effective surface charge is

s ¼ � Nsiteq

4pðaþ rionÞ2
þ KBulkNsiteqcae

�bf0

4pðaþ rionÞ2ð1þ KBulkcae�bf0Þ; (3)

where KBulk is the bulk equilibrium association constant, which
is the inverse of the acid dissociation constant Ka, and q is the
elementary proton charge. The electrostatic surface potential f0

must be calculated self-consistently by combining these expres-
sions with the mean-field Poisson–Boltzmann equation.

The fundamental ingredient of the NP theory is the equili-
brium constant. In the original approach the equilibrium
constant for the active sites on the colloidal surface was
assumed to be the same as that of the bulk solution, however,
in the latter studies the equilibrium constant was treated as a
fitting parameter. Clearly this is not very satisfactory, since it
does not allow us to explicitly probe the validity of the theory.
Although, the NP theory was a pioneering first step in under-
standing charge regulation in colloidal systems, in the absence
of an explicit model on which the theory could be tested, the
validity of the underlying approximations of the theory remains
unclear. A different approach was recently advocated by
Bakhshandeh et al. in which a specific model of association was
used to calculate exactly the bulk equilibrium constant for acids.16

The same acidic groups were then placed on top of a spherical
colloidal particle and the density profiles for hydronium cations and
the corresponding anions were calculated exactly – within this
model – using Monte Carlo simulations. Knowledge of the exact
equilibrium constant allowed us to explicitly compare the results of
simulations with the NP theory. It was found that the NP approach
deviated significantly from the predictions of simulations. For the
specific case of acidic surface groups, the study in ref. 16 then
introduced an alternative approach which was found to be in
excellent agreement with the Monte Carlo simulations. The
objective of this paper is to extend the results of ref. 16 to
colloidal particles with basic surface groups, as well to the
particles containing a mixture of basic and acidic surface groups.

We should note that the present theory applies directly only
to the specific model of chemical association described below.
There are two levels of approximation that we use: 1 – the
microscopic model of acid–base association in terms of Baxter
sticky spheres, and 2 – the approximations used to theoretically
solve the model. The advantage of this two-step approach is
that the theory can be tested against an ‘‘exact’’ solution of the
microscopic model obtained using computer simulations. This
allows us to separate the possible shortfalls of the theory from
those of the microscopic model. If the theory agrees with the
‘‘exact’’ solution of the model, any shortfalls can then be
attributed to the microscopic model of association and not to
the approximations which had to be made to solve the model.
The disadvantage of such an approach is that the theory that we
develop applies only to the specific microscopic model of acid/
base equilibrium and is not generally universal. This, however,
is the problem with any microscopic theory which does not
explicitly take into account all the quantum effects associated
with the charge transfer at the interface. In the absence of such
‘‘complete’’ theory, we expect that the approach advocated in

the present paper will help to shed interesting new light on the
mechanisms of charge regulation of nanoparticles and colloidal
suspensions, and in particular on the applicability of mean-field
theories to study this intrinsically strong-coupling problem.

There are several possibilities for a colloidal surface to
acquire charge. The acidic functional groups, such as carboxyl
COOH, can become dissociated due to the following reaction

HA + H2O $ H3O+ + A�, (4)

resulting in a negatively charged surface. Alternatively, basic
functional groups, which originally are not charged, can gain
protons from hydronium ions and acquire a positive charge,

B + H3O+ $ H2O + HB+. (5)

One example of such a functional group is amine NH2.
This paper is organized as follows. In Section II, we intro-

duce a model of colloidal particles with sticky sites and present
the details of Monte Carlo simulations. In Section III, we show
how the equilibrium association constant can be calculated for
sticky ions. In Section IV, we present a model for a uniformly
sticky colloidal particle. In Section V, this model is extended to
account for discrete basic surface groups, and in Sections VI
and VII to discrete acidic groups. In Section VIII, we consider
particles with a mixture of both basic and acidic surface groups
and in Section IX, we present our conclusions.

II. Theoretical background and Monte
Carlo simulation details
A. Theoretical background

To study the charge regulation of a colloidal surface we use a
model of Baxter sticky spheres.18,81,82 The sticky potential was
previously used to study gelation in globular proteins,83,84

chemical association in weak acid–base reactions,85 and
sticky-charged wall models.86–89 In our model, sticky interac-
tions take on a physical interpretation of a chemical bond
between protons and acid/base groups. This is not the first time
that a sticky interaction is used to model a chemical bond to
capture some aspects of quantum mechanics in an otherwise
classical description. This idea has been around for some time
and reaches back to 1980 in particular, the work of Blum and
Herrera,85,86 and Werthaim90 for directional chemical bonding.
Sticky interactions continue to this day being an important part
of soft-matter modeling.91 In the present work, sticky interactions,
and their quantum-chemical interpretation, will be used to study
the charge regulation of nanoparticles with surface acid and base
groups. The results obtained, therefore, are only valid within the
specific microscopic model. The model, of course, can be extended
and modified to represent a different charge regulated system. For
example, directional chemical bonding could be introduced by
making a sphere sticky in specific regions only. The size and shape
of an absorbing molecule could be changed. These alternatives are
not explored in the present work.

The hydronium ion can become adsorbed on an acidic or a
basic functional group to form a molecule H+A� or H+B,
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respectively. To model the binding between H+ and A� or B we
use an attractive square well potential with a repulsive hard
core.16,18 The first component of the interaction potential is the
hard-core repulsion,

uhsðrÞ ¼
1; ro d;

0; r4 d;

(
(6)

where d is the diameter of particles. The second component is a
narrow attractive well,

uwellðrÞ ¼

0; ro d;

�e; do ro d þ D;

0; r4 d þ D:

8>>><
>>>:

(7)

To generalize the model, we also include a soft potential usf(r 4 d),
so that the total pair potential becomes utot = uhs + uwell + usf,

utotðrÞ ¼

1; ro d;

�eþ usfðrÞ; do ro d þ D;

usfðrÞ; r4 d þ D:

8>>><
>>>:

(8)

We note that the soft potential usf(r) is effective from r = d, as
illustrated in Fig. 1.

For illustration, we consider a very simple scenario com-
prised of two particles interacting via a pair potential in eqn (8)
and confined to a spherical region of radius R. To make the
demonstration even simpler, one particle is fixed at the origin
and only the second particle is free. The resulting partition
function has two parts,

Z ¼ 4p
ðR
d

r2e�b uwellðrÞþusf ðrÞ½ �dr

¼ 4pebe
ðdþD
d

r2e�busf ðrÞdrþ 4p
ðR
dþD

r2e�busf ðrÞdr:

(9)

Assuming a small D, we can expand Z in D, yielding

Z ¼ 4pd2ebee�busf ðdÞ D 1� e�be
� ��

þ 1

d
� 1

2

dbusf ðrÞ
dr

jr¼d
� �

D2 þ . . .

�

þ 4p
ðR
d

r2e�busf ðrÞdr:

(10)

In the limit D - 0 only the last term does not vanish. However,
if, at the same time as D - 0, e - N, then some of the
expansion terms must also be retained. The correct way to carry
out the limit is to have Debe = constant, which is referred to as
the Baxter limit,81 and yields

lim
D!0
e!1
Z ¼ 4pd2lge

�busf ðdÞ þ 4p
ðR
d

r2e�busf ðrÞdr; (11)

where we introduced the ‘‘sticky length’’ defined as

lg ¼ lim
e!1
D!0

Debe: (12)

Of great concern for simulations is the width D of the well
potential, since in practice the exact Baxter limit cannot be
attained and D must remain finite. To estimate what is a
sufficiently small value of D, we consider the previous simple
system with usf = 0, for which the exact partition function is

Z ¼ 4pd2lg 1þ D
d
þ 1

3

D
d

� �2
" #

þ 4pR3

3
1� d þ D

R

� �3
" #

: (13)

If we ignore the second term in square brackets, assuming
R c d, we conclude that the well potential becomes sticky if
D/d { 1. In practice, we find that D/d E 0.01 is sufficiently
small to suppress most contributions of finite D.

The Baxter sticky potential may appear analogous to a delta
function potential often used in quantum mechanics. This,
however, is misleading. The well potential in eqn (7) transforms
into the delta function in the limits D - 0 and e - N, while
the product De is held fixed. On the other hand, the Baxter limit
requires that Debe remains constant. To see this more clearly18

we define

f ðrÞ ¼
1

D
; d � r � d þ D;

0; ro d or r4 d þ D:

8><
>: (14)

The Boltzmann factor then can be written as

e�buwell(r) = 1 + D(ebe � 1) f (r), (15)

in which the Baxter limit reduces to

lim
e!1
D!0

e�buwellðrÞ ¼ 1þ lgdðr� dÞ; (16)

with the sticky length given by lg � D(ebe � 1). In the Baxter
limit the �1 in the definition of lg can be neglected, however, in
the simulations with finite D we will use the exact expression
for lg. The sticky potential itself is then

buwell(r) = �ln[1 + lgd(r � d)], (17)

which shows that it is weaker than the delta function potential.
Indeed, a delta function potential would result in an irrever-
sible association between the sticky spheres. Finally, we note
that if the expression (16) is used in the partition function
eqn (9), we will arrive directly at eqn (11).

Fig. 1 Schematic representation of the sticky-hard-sphere potential plus
soft interaction. The sticky part is represented as a narrow well potential;
(a) depicts hard-core plus attractive well and soft potential separately, and
(b) as a combination. An important observation is that the soft interaction is
active within the attractive well.
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B. Monte Carlo simulations details

We are now in a position to implement numerical simulations.
The simulations are performed inside a spherical Wigner–Seitz
(WS) cell of radius R. A spherical colloidal particle of radius a is
placed in the center of the WS cell. The radius of the cell is
determined by the colloidal volume fraction of the suspension,
jc = a3/R3. The motivation for using WS is that for a low salt
concentration, the colloidal system may crystallize, in which
case the thermodynamics will be very well described by the WS
cell model, with a Donnan potential used to control the charge
neutrality. In fact, even for the disordered state the WS approach
to thermodynamics is found to lead to osmotic pressures in
excellent agreement with experiments.92 In a sense, the many
body colloid–colloid interactions in the grand-canonical ensemble
are all included through the boundary conditions of vanishing
electric field at the WS cell boundary.

The colloidal particle has Nsite adsorption sites randomly
distributed over its surface. Each adsorption site is a sphere of
diameter d, see Fig. 2. If an active site is basic – has zero charge
– it interacts with the hydronium ions through the hard core
and the Baxter sticky potential, eqn (8). On the other had if the
site is acidic – has charge �q, where q is the proton charge – in
addition to the Baxter and hard core interactions, there is also a
long range Coulomb potential between the adsorption site and
all the ions inside the simulation cell. In this work all the ions
and the adsorption sites have a diameter of 4 Å and the
colloidal particle has a radius of a = 100 Å.

The system is connected to a reservoir of strong acid at
concentration 10�pH, and a reservoir of 1 : 1 strong electrolyte at
concentration cs.

The solvent is considered to be of uniform dielectric per-
mittivity ew = 80e0 and the Bjerrum length is lB = q2/ewkBT = 7.2 Å.
The total interaction potential is

U ¼
P
i4 j

qiqj

ewjri � rj j
þ
P 0

uwellðriÞ; (18)

where the first sum is over all the charged particles, including the
adsorption sites, and the second sum is for the sticky interaction
between the hydronium ions and the adsorption sites. The hard-
core interaction between ions, sites, and colloidal surface is
implicit. The restriction on the second sum indicated by the
prime is due to the fact that each functional site can adsorb at
most one hydronium ion. This is the case for carboxyl or amine
groups. Therefore, once there is a hydronium ion within the
distance D of the adsorption site, the short range sticky potential
of this site with other hydronium ions is switched off. In this
paper we will not consider more complicated metal oxide ions
which can adsorb more than one proton. To perform simulations
we used the Metropolis algorithm.93 For large WS cells, when a
system establishes a well-defined bulk concentration far from
the colloidal surface, we can use canonical Monte Carlo
simulations.94 For large colloidal volume fractions, when WS is
small and bulk concentration is not reached inside the cell, we
use the grand canonical Monte Carlo simulations.94 This is done
in order to have well defined reservoir concentrations of acid ca

and salt cs, which are necessary to compare the theory with the
simulations. In both types of simulations we have used 5 � 106

MC steps for equilibration and 104 steps for production.
We first check the convergence of MC results to the Baxter

sticky limit by studying systems with different values of D and e,
while keeping fixed the sticky length lg. Fig. 3 shows the rapid
convergence to the Baxter limit, with a decreasing value of D.

III. Equilibrium constant for particles
interacting via a pair potential

To connect the simulations presented in the previous section
with the NP theory we must relate the sticky length to the bulk
association constant.

A. Neutral pairs

We first consider a general two-component system of sticky
spheres. To avoid confusion with previous labels, we designate

Fig. 2 The Baxter’s sticky spherical sites on the colloidal surface.
Fig. 3 The density profiles of ions for different size D and fixed lg = 109.9 Å.
The density is plotted in terms of the number of particles per Å3.
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the ‘‘atoms’’ of each species as X and Y. The interaction
between atoms of the same species is

uxx(r) = uyy(r) = uhs(r) + usf1(r), (19)

and between the atoms of different species is

uxy(r) = uhs(r) + usf2(r) + uwell(r), (20)

This is the, so called, ‘‘physical picture’’, in which only atoms
exist. Alternatively, we can regard two atoms X and Y in contact
to form a molecule XY. This corresponds to the ‘‘chemical
picture’’, see Fig. 4 for illustration. In the chemical picture, we
have free atoms X and Y, and molecules XY which are in
‘‘chemical’’ equilibrium,95

X + Y " XY. (21)

At most two atoms X and Y are permitted to interact via a sticky
potential. Without this restriction, one has to account for
the presence of triplets XYX, quartets XYXY, and other higher
order formations, together with their corresponding chemical
reactions.

To obtain the equilibrium constant for the chemical reac-
tion in eqn (21) we compare the equations of state calculated
using the physical and the chemical pictures. Clearly the
osmotic pressure calculated using the two interpretations of
the same physical reality has to be same.

Within the physical interpretation, the system is comprised
of two types of atoms, X and Y, and the formation of pairs XY is
devoid of any special meaning. The virial expansion of the
osmotic pressure up to second order in bulk concentration ci

is96

bPphys = cx + cy + Bxxcx
2 + Byycy

2 + 2Bxycxcy + . . .,
(22)

where Bij are the second virial coefficients defined as

Bij ¼ 2p
ð1
0

ð1� e�buijðrÞÞr2dr; (23)

and whose various contributions are

Bxx = Byy = Bhs + Bsf1,

Bxy = Bhs + Bst + Bsf2, (24)

which, after evaluation, become

Bhs ¼
2pd3

3
;

Bst ¼ � 2plgd2e�busf2ðdÞ;

Bsf1 ¼ 2p
ð1
d

ð1� e�busf1ðrÞÞr2dr;

Bsf2 ¼ 2p
ð1
d

ð1� e�busf2ðrÞÞr2dr;

(25)

where Bst was evaluated using the Boltzmann factor in eqn (16).
Inserting these contributions into the expansion in eqn (22) yields

bPphys = cx + cy + Bhs(cx + cy)
2 + Bsf1(cx

2 + cy
2) + 2Bsf2cxcy + 2Bstcxcy + . . .,

(26)

where the first line is the ideal-gas contribution, the second line
is the second order correction due to hard-core and soft
interactions, and the third line is the second order correction
due to the sticky potential.

To formulate the equation of state within the chemical
picture, we need to define the concentrations of free atoms X, Y,
and of molecules XY, designated by the superscript *:

c�x ¼ cx � c�xy;

c�y ¼ cy � c�xy;

c�xy ¼ KBulkc
�
xc
�
y;

(27)

where the last equation was obtained using the definition of the
equilibrium constant of the reaction in eqn (21),

KBulk ¼
c�xy
c�xc
�
y

; (28)

valid in the dilute limit where activities are approximated by
concentrations. To second order in concentrations ci, eqn (27)
can be written as

c�x ¼ cx � KBulkcxcy þ . . . ;

c�y ¼ cy � KBulkcxcy þ . . . ;

c�xy ¼ KBulkcxcy þ . . .

(29)

In the chemical picture, the interactions between free atoms X
and Y do not include sticky interaction,

u0xyðrÞ ¼ uhsðrÞ þ usf2ðrÞ:

which acts only within a molecule XY. Without the sticky inter-
action, the modified second virial coefficient in the chemical
interpretation is

B0xy ¼ Bhs þ Bsf2: (30)
Fig. 4 The two representations correspond to (a) a physical and (b) a
chemical interpretation.
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The osmotic pressure up to second order in concentrations
ci is then

bPchem ¼ c�x þ c�y þ c�xy þ Bxxc
�
x
2 þ Byyc

�
y
2 þ 2B0xyc

�
xc
�
y þ . . . :

(31)

The terms

2Bx;xyc
�
xc
�
xy þ 2By;xyc

�
yc
�
xy þ Bxy;xyc

�
xy
2; (32)

that are second order in c�i are omitted since, due to c�xy E

KBulkcxcy in eqn (29), they are of higher order in ci. Using
formulae in eqn (29), and substituting for the coefficients Bij,
eqn (31) becomes

bPchem = cx + cy + Bhs(cx + cy)2 + Bsf1(cx
2 + cy

2) + 2Bsf2cxcy

� KBulkcxcy + . . ., (33)

Setting Pphys = Pchem, and matching the terms of the same
order yields

KBulk = �2Bst = 4plgd2e�busf2(d), (34)

We note that the above derivation assumes a dilute limit,
where the definition of KBulk in eqn (28) and the second order
expansion of bP are valid. The result in eqn (34), however, is
exact for any concentration. This is because the quantity KBulk

itself is independent of concentrations. We simply took advan-
tage of this fact and chose the limit where all the expressions
are the simplest.

If we set ufs2 = 0, the equilibrium constant becomes

KBulk = 4plgd2, (35)

which is appropriate for the pair formation between bases
and hydronium ions. On the other hand, as we will see in the
following section, eqn (34) with usf2 corresponding to the
Coulomb potential will be appropriate for the weak acid-
hydronium equilibrium constant.

B. Charged pairs

In bulk, the acid ‘‘molecule’’ dissociates resulting in a hydro-
nium ion and a corresponding anion:

HA $ H+ + A�, (36)

The thermodynamics of bulk electrolytes, even without covalent
bonding between the ions, is complicated by the divergence of
the virial expansion due to the long range nature of the
Coulomb interaction. Instead a certain class of perturbative
diagrams must be summed together to obtain a finite result.96

This leads to a non-analytic term in the density expansion
of the osmotic pressure which scales with the electrolyte
concentration as c3/2. The next order term which scales as c2

can be interpreted as the result of Bjerrum anion–cation pair
formation. In the case of purely electrostatic interactions, the
equilibrium constant for such cluster formation was derived by
Ebeling97 considering the exact density expansion of the equa-
tion of state up to O c5=2

� �
.98 The Ebeling equilibrium

constant is:

KEb ¼ 8pd3 1

12
b3

�
Ei bð Þ � Ei �bð Þ½ � � 1

3
cosh b

� 1

6
b sinh b� 1

6
b2 cosh bþ 1

3
þ 1

2
b2
	
;

(37)

where b ¼ lB
d

. For large values of b (strong coupling limit), the

equilibrium constant can be expanded asymptotically to give:

KEb ¼ 4pa3
eb

b
1þ 4

b
þ 4� 5

b2
þ 4� 5� 6

b3
þ . . .

� �
: (38)

This may be compared with the Bjerrum phenomenological
association constant for the formation of anion–cation pairs

KBj ¼ 4p
ðRBj

d

e
lB
r r2dr; (39)

where RBj = lB/2 is the Bjerrum cutoff. In the strong coupling
limit (low temperatures), KBj is completely insensitive to the
precise value of cutoff RBj.

5 Furthermore, the low temperature
expansions for KEb and KBj are found to be identical.5 One can
then interpret the Ebeling equilibrium constant as the analytic
continuation of KBj over the full temperature range. With this
observation it becomes easy to obtain the equilibrium constant
for sticky electrolytes. In the spirit of Bjerrum, we then write

KBulk ¼ 4p
ðRBj

d

e�bustðrÞþ
lB
r r2dr: (40)

Using eqn (16) we obtain

KBulk ¼ 4p
ðRBj

d

ð1þ lgdðr� dÞ
� 


e
lB
r r2dr; (41)

which after integration yields,

KBulk ¼ 4pd2lge
b þ

ðRBj

d

e
lB
r r2dr: (42)

The validity of the above equation is extended beyond the
strong coupling limit by replacing the integral with KEb. In
the case of weak acids, large lg, the first term will dominate
eqn (42), so that the bulk equilibrium constant for a weak acid
can be approximated by

KBulk = 4pd2lgeb, (43)

which is similar to eqn (34) of the previous section.

IV. Uniformly sticky colloid

To build a theory of charge regularization of colloidal particles
we start with the simplest possible model in which the
whole of the colloidal surface is sticky. A colloidal particle of
radius a is placed at the center of a spherical WS cell of radius
R. The density profiles of ions, then, satisfy the modified
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Poisson–Boltzmann (mPB) equation:

r2fðrÞ ¼ �4p
ew
s0dðr� a� rionÞ

� 4pq
ew

cHþðrÞ þ cþðrÞ � c�ðrÞ½ �; (44)

where s0 = 0 if the surface groups are basic, and s0 = �Nsitesq/
4p(a + rion)2 if all the groups are acidic. The ionic concentra-
tions are defined as:

cH+(r) = cae�b(u(r)+q f(r)) (45)

c+(r) = cse
�bq f(r) (46)

c�(r) = (ca + cs)e
bq f(r), (47)

where u(r) is the sticky potential between the colloidal surface
and a hydronium ion, ca = 10�pH is the reservoir concentration
of the acid, and cs is the reservoir concentration of the 1 : 1 salt.
We assume that both the acid and salt in the reservoir are
strong electrolytes and are fully dissociated. Using eqn (16) we
obtain e�b(u(r)+q f(r)) = (1� lgd(r� a� rion))e�bq f(r), which means
that the surface density of adsorbed hydronium ions is:16

ssu ¼ qcalge
�bqf0 ; (48)

where f0 = f(a + rion). The net surface charge density is then

snet = s0 + ssu. (49)

To calculate the ionic density profiles and the number of
condensed hydronium ions we must now solve the PB equation

r2fðrÞ ¼ 8pq
ew

ca þ csð Þ sinh½bfðrÞ�; (50)

with the boundary conditions f0(R) = 0 and f0(a + rion) =
�4psnet/ew. The calculation can be performed numerically
using the 4th order Runge–Kutta, in which the value of the
surface potential f(a + rion) = f0 is adjusted based on the
Newton–Raphson algorithm to obtain zero electric field at
the cell boundary.

In reality, however, the whole of the colloidal surface is not
uniformly sticky and hydronium ions can only adsorb onto
special sites.99 We now explicitly consider the modifications
that must be made to the above theory in order to account for
the discrete nature of adsorption sites.

V. Neutral functional groups

We first consider a colloidal particle with Nsite neutral basic
groups (sticky spheres) uniformly distributed on its surface. To
simplify the geometry we will map the spherical sticky sites
onto circular sticky patches of the same effective contact area.
Since both hydronium and the adsorption sites are modeled by
spheres of the same diameter d, the hard core repulsion
between the colloidal surface and the hydronium ion restricts
the effective contact area to 2pd2. Therefore, the patch radius
must be

rpatch ¼
ffiffiffi
2
p

d; (51)

Compared to the situation discussed in the previous section
in which the whole of the colloidal surface was sticky, the
effective area on which hydronium ions can become adsorbed
is significantly reduced in the case of discrete adsorption
sites.16 Nevertheless, we can still use the same approach as in
Section 4, if the sticky length is rescaled as leff

g = lgaeff, to
account for the reduced adsorption area, where

aeff ¼
Nact

siteprpatch
2

4pðaþ rionÞ2
; (52)

is the fraction of the surface area occupied by the active sticky
patches. Note that if hydronium is adsorbed onto a patch, this
patch becomes inactive, preventing more than one hydronium
ion from being adsorbed. The number of adsorbed hydronium
ions is given by eqn (48) with lg replaced by leff

g . As the process of
adsorption progresses, the number of active sites decreases in
such a way as

Nact
site = Nsite � 4p(a + rion)2caleff

g e�bf0, (53)

resulting in a self-consistent equation for leff
g . Solving eqn (52)

and (53), the effective sticky length is found to be

leffg ¼
lgNsiterpatch

2

4ðaþ rionÞ2 1þ lgcae�bf0prpatch2
� �: (54)

The effective surface charge density which must be used as the
boundary condition for the PB equation is then

seff ¼ qcal
eff
g e�bf0 ¼ qKSurfNsitecae

�bf0

4pðaþ rionÞ2 1þ KSurfcae�bf0ð Þ; (55)

where KSurf = 2plgd2 = KBulk/2, where the bulk association
constant is the same as in eqn (35).

We stress again that the bulk equilibrium constant KBulk is
exact for the model of sticky hard spheres and does not depend
on the density of the reactants. The higher order terms of the
virial expansion, however, will modify the activity coefficients,
so that in the law of mass action the concentrations will have to
be replaced by the activities. Nevertheless, since the PB equa-
tion does not take into account ionic correlations, to remain
consistent, the activity coefficients must also be set to unity.
Solving eqn (50), with the boundary conditions f0(R) = 0 and
f0(a + rion) = �4psnet/ew we are able to obtain the density profile
of ions around the colloidal particle.

To explore the range of validity of the theory we will compare
it with the results of Monte Carlo simulations. We first consider
colloidal particles with 300 and 600 active neutral basic sites
and concentration of HCl set to 50 mM. In Fig. 5 and 6 we show
the comparison between the simulation data, NP theory,
and the present work, For these parameters the difference
between the new theory and the NP approach is not very large,
nevertheless it is clear that the simulation results are in a much
better agreement with the theory developed in the present
paper. The figures show that the density of free hydronium
ions decreases near the colloidal surface. This is not surprising,
since once some of the hydroniums have been adsorbed
onto the neutral basic groups, the colloidal surface becomes
positively charged and repels other cations. A more curious
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behavior is found for the anion Cl�, the concentration of which
shows a peak close to the surface, but then diminishes on
further approach. The reason for this is that anions prefer to
stay close to the adsorbed cations H+, which in turn want to
minimize the repulsive electrostatic energy between themselves
as well as to maximize entropy. This favors the hydronium ions
to be located at about 3 rion from the colloidal surface. This is
precisely the position of the peak found in the density profile of
anions. This fine detail, however, is beyond the scope of the
present theory. Nevertheless the fact that the density profiles
away from colloidal surface are perfectly described by the
present theory implies that the prediction of the total number
of adsorbed hydronium ions is correct, not withstanding the
fine structure of ionic density profiles near the surface.

We next consider the effect of 1 : 1 salt on the charge
regulation. We study a colloidal particle with 200 basic sites
in the presence of HCl and NaCl, both at a concentration of
10 mM. We assume that both the acid and salt are completely
ionized. The results of the theory and simulations are shown in
Fig. 7.

Once again we see very good agreement between the present
theory and the MC simulations.

In experiments, zeta potential is more easily determined
than the effective charge. The definition of zeta potential,
however, requires knowledge of the position of the slip plain.
Nevertheless we expect that zeta potential will behave similarly
to the electrostatic contact surface potential. In Fig. 8 and 9 we
show the behavior of the surface potential and the effective
charge Zeff in units of charge q as a function of pH, for the
present theory and NP theory, respectively and in Fig. 10, the
behavior of the two as a function of salt concentration. We
observe that the addition of 1 : 1 electrolyte diminishes the
contact potential. This, in turn, lowers the electrostatic energy
penalty for bringing hydronium ions to the colloidal surface,
thus favoring their association with the active sites. Indeed,
Fig. 10b shows that the effective charge of colloidal particles
increases with the increasing salt concentration.

VI. Charged functional groups

We next consider a colloidal particle with Nsite acidic surface
groups each carrying a charge �q. If all the groups would be
ionized, the particle would acquire a net charge Q0 = �Nsiteq.
The chemical equilibrium between hydronium and acid
groups, however, reduces this value to Qeff = Q0 + Qcon, where

Qcon = 4p(a + rion)2qcaleff
g e�bqj0 (56)

is the number of associated hydronium ions and j0 is the
potential of mean force (PMF) – the work required to bring an

Fig. 5 Density profiles of hydronium and Cl�measured in particles per Å3.
Symbols denote the simulation data and solid (green) and dashed (blue)
lines are the predictions of the NP theory and of the theory developed in
the present work, respectively. The parameters are a = 100 Å, R = 200 Å,
and lg = 109.97 Å. The colloidal particle has 300 neutral basic sites on its
surface. The concentration of HCl is 50 mM. (a) Density profile of Cl� and
(b) density profile of hydronium.

Fig. 6 Density profiles of hydronium and Cl�measured in particles per Å3.
Symbols denote the simulation data and solid (green) and dashed (blue)
lines are the predictions of the NP theory and of the theory developed in
the present work, respectively. The parameters are a = 100 Å, R = 200 Å,
and lg = 109.97 Å. The colloidal particle has 600 basic sites on its surface.
The concentration of HCl is 50 mM. (a) Density profile of Cl� and (b)
density profile of hydronium.

Fig. 7 Density profiles of hydronium, Cl�, and Na+ measured in particles
per Å3. Symbols denote the simulation data and solid (green) and dashed
(blue) lines are the predictions of the NP theory and of the theory
developed in the present work, respectively. The parameters are a = 100 Å,
R = 200 Å, and lg = 109.97 Å. The colloidal particle has 200 basic sites on its
surface. The concentration of HCl and NaCl is 10 mM. The density C is in
units of particles per Å3.
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ion from the bulk to contact with one of the acidic groups. The
PMF can be separated into a mean-field electrostatic potential

f0 and a contribution from the discrete nature of surface
charge groups mqq

c ,

j0 = f0 + mqq
c . (57)

The value of leff
g is given by eqn (54) with the mean-field

potential replaced by the PMF, f0 - j0. The effective surface
charge density then reduces to

seff ¼ �
Nsiteq

4p aþ rionð Þ2
þ qKa

SurfNsitecae
�bf0

4pðaþ rionÞ2 1þ Ka
Surfcae

�bf0

� � (58)

where

Ka
Surf ¼

Ka
Bulk

2
e�b�bm

qq
c ; (59)

and the bulk acid association constant Ka
Bulk is given by

eqn (43). The term e�b in eqn (59) discounts the direct Coulomb
interaction between the hydronium ion and its adsorption site,
which is already accounted for in the mqq

c .

VII. The effect of discrete charges

It is well known that the PB equation is very accurate for
systems containing only 1 : 1 electrolyte. The mean-field nature
of this equation is manifested by the complete neglect of ionic
correlations, which are found to be small for aqueous solutions
of monovalent ions.5 However, in the case of acidic groups,
hydronium ions will condense directly onto charged sites and
the discrete nature of hydronium ions and the surface sites
cannot be neglected for the associated ions. The free ions,
however, can still be treated at the mean-field level.

To account for the discrete nature of surface groups, we add
and subtract a uniform neutralizing background to the colloi-
dal surface. The negative of the background can be combined
with the mean-field electrostatic potential produced by the ions
to yield the total mean-field electrostatic potential f(r). The
potential produced by the discrete surface charge and their
neutralizing background, on the other hand, correspond to
mqq

c defined in eqn (57). To calculate mqq
c we will ignore the

curvature of the colloidal surface. Furthermore, we will suppose
that the adsorption sites are uniformly distributed, forming a
triangular lattice of spacing L.

We start by calculating the electrostatic potential produced
by an infinite planar triangular array of charges, see Fig. 11.
This potential must satisfy the Poisson equation

r2GðrÞ ¼ �4pq
ew

X
n;m

dðzÞdðq� na1 �ma2Þ; (60)

where z and q = xx̂ + yŷ are the transverse and longitudinal
directions, respectively, and the lattice vectors are given by

a1 ¼ Lx̂;

a2 ¼
1

2
Lx̂þ

ffiffiffi
3
p

2
Lŷ:

(61)

Fig. 8 Contact potential as a function of pH for the present theory and NP
theory, respectively. The colloidal particle has 300 basic functional groups
on its surface. The parameters are a = 100 Å, R = 200 Å, and lg = 109.97 Å.
There is no added salt.

Fig. 9 Effective charge of colloidal particles in units of q as a function of
pH for the present theory and NP theory, respectively. The colloidal
particle has 300 basic active functional groups on its surface. The para-
meters are a = 100 Å, R = 200 Å, and lg = 109.97 Å. There is no added salt.

Fig. 10 (a) Contact potential and (b) the effective charge of colloidal
particles in units of q as a function of salt concentration cs (M) for different
pH. The colloidal particle has 300 basic functional groups. The parameters
are a = 100 Å, R = 200 Å, and lg = 109.97 Å.
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The area of the unit cell of triangular lattice is

gj j ¼ a1 � a2j j ¼
ffiffiffi
3
p

2
L2 (62)

The reciprocal lattice vectors bi are defined as aj�bj = 2pdij, and
are given by

b1 ¼
2p
L

x̂� ŷffiffiffi
3
p

� �
:

b2 ¼
2p
L

2ŷffiffiffi
3
p
� �

:

(63)

The periodic delta function can be written asX
n;m

dðq� na1 �ma2Þ ¼
1

g

X
n;m

eib1�qnþib2 �qm (64)

and the Green function as100

GðrÞ ¼ 1

g

X
n;m

gn;mðzÞeib1�qnþib2�qm; (65)

where gn,m(z) is a function of z coordinate only. Substituting
eqn (65) into eqn (60), we obtain

@2gn;mðzÞ
@z2

� k2gn;mðzÞ ¼ �
4pq
ew

dðzÞ;

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

L2
n2 þ 2mffiffiffi

3
p � nffiffiffi

3
p

� �2
 !vuut ;

(66)

which has a solution of the form

gn;mðzÞ ¼ Ae�kz; z4 0;
Aekz; zo 0;

�
(67)

Integrating eqn (66) once, we see that the derivative of g(z) is
discontinuous at z = 0 with

g0n;mð0þÞ � g0n;mð0�Þ ¼ �
4pq
ew
; (68)

from which we determine A = 2pq/ewk,. The Green function can
then be written as

GðrÞ ¼ 2pq
gew

Xn¼1
n¼�1

Xm¼1
m¼�1

e�k zj j

k
cos

2p
L

nxþ 1ffiffiffi
3
p ð2ym� ynÞ

� �
:

(69)

The (n = 0, m = 0) term of G(r) diverges. Indeed, if we take the
limit k - 0 of the summand in eqn (69), we will obtain an
infinite constant and a finite term which grows as |z|. This is
nothing more than the potential of a uniformly charged plane.
Therefore, if we introduce a neutralizing background, we will
cancel precisely this term, eliminating the divergence. The
electrostatic potential produced by a triangular array of charges
on a neutralizing background is then

�GðrÞ ¼ 2pq
gew

Xn¼10
n¼�1

Xm¼10
m¼�1

e�k zj j

k
cos

2p
L

nxþ 1ffiffiffi
3
p ð2ym� ynÞ

� �
;

(70)

where the prime on the sums indicates that we have removed
the terms (n = 0 and m = 0). Bringing an ion of opposite charge
into contact with one of the adsorption sites then yields

mqqc ¼ �
2pq2

gew

Xn¼10
n¼�1

Xm¼10
m¼�1

e�2krion

k
: (71)

Even if sites are not perfectly ordered on the colloidal surface,
we still expect that mqq

c derived in eqn (71) will provide a
reasonably accurate account of the discreteness effects assum-
ing that the average separation between Z acid sites is such that
the area per site is g = 4p(a + rion)2/Z, where g is given by
eqn (62). The average separation between acid groups is then

L ¼ ðaþ rionÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p=

ffiffiffi
3
p

Z

q
.

We first consider colloidal particles with 600 acid surface
groups with lg = 109.97 Å, in a solution of pH = 2. The ionic
density profiles are presented in Fig. 12. We see that the theory
is in excellent agreement with simulations, while the NP

Fig. 11 The triangular lattice used to evaluate mqq
c and mqq

n .

Fig. 12 Comparison between the present theory (solid lines), NP theory
(dashed lines) and simulations (symbols), for colloidal particles with Z =
600 and lg = 109.97 Å functional groups. The densities are in units of
particles per Å3.
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approach shows significant deviation. Next we consider particles
with 300 charged sites inside an acid solution containing 1 : 1
salt. Once again there is good agreement between theory and
simulations, see Fig. 13.

In Fig. 14 we show the behavior of the effective charge and
contact potential of colloidal particles as a function of 1 : 1 salt
concentration for different pH values.

The figure shows that the increase of salt concentration
leads to the increase of the modulus of the effective charge.
This, again, is a consequence of electrostatic screening pro-
duced by salt on the Coulomb interaction between hydronium
ions and the negatively charged adsorption sites – making the
association of a hydronium with an active site less energetically
favorable. In Fig. 15 we compare the effective charge and
contact potential calculated using the present theory and the
values predicted by the NP theory, for nanoparticles with 300
charged groups. As can be seen, the neglect of discrete charge
effects in the NP theory leads to smaller modulus of the contact

potential and of the effective charge. We also note that at large
pH the effective charge saturates at a value smaller than the
bare charge. This is a consequence of the overall charge neutrality
of the colloidal suspension. Even if the reservoir has a very small
concentration of acid, large pH, in the absence of other cations
inside the suspension, there must be enough hydronium ions to
compensate for all the colloidal charge. Some of these hydronium
ions will then associate with the surface groups, leading to the
saturation of the effective colloidal charge.

We now perform the same calculation, but in the presence
of a reservoir with 10 mM monovalent salt. As can be seen in
Fig. 16, in the presence of salt, for high pH, both NP and our
theory predict that the effective charge approaches the bare
charge. This is in contrast with the no-salt system. When the
system is connected to both the salt and acid reservoirs, at large
pH, the hydronium ions inside the system are replaced by the
salt cations, which then control the overall charge neutrality of

Fig. 13 Comparison between the present theory (solid lines), NP theory
(dashed lines) and simulations (symbols), for colloidal particles with Z =
300 charged functional groups with lg = 109.97 Å. Solution is at pH = 3 and
has a 10 mM bulk 1 : 1 salt concentration. The densities are in units of
particles per Å3.

Fig. 14 Modulus of the effective charge in units of q and contact potential
of colloidal particles as a function of 1 : 1 salt concentration Cs for different
values of pH. The colloidal particle has 300 charged functional groups on
its surface. The parameters are a = 100 Å, R = 200 Å, and lg = 109.97 Å. The
densities are in units of particles per Å3.

Fig. 15 The modulus of the effective charge in units of q and the contact
potential of a nanoparticle as a function of pH in the acid reservoir,
predicted by the NP and the present theories. The colloidal particle
has 300 charged functional groups on its surface. The parameters are
a = 100 Å, R = 200 Å, and lg = 109.97 Å. The system is salt-free.

Fig. 16 The modulus of the effective charge in units of q and the contact
potential of a nanoparticle as a function of pH in the acid reservoir,
predicted by the NP and the present theories. The colloidal particle has
300 charged functional groups on its surface. The suspension is in contact
with a monovalent salt reservoir at concentration of 10 mM. The para-
meters are a = 100 Å, R = 200 Å, and lg = 109.97 Å.
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the colloidal suspension. Since in our model salt cations do not
react with the surface groups, for reservoir at large pH, very few
hydronium ions will be present inside the suspension. Therefore,
all the surface groups will become ionized, and the effective
colloidal charge will approach the value of the bare charge.

VIII. Mixture of functional groups

As a final example, we consider a colloidal particle with a
mixture of acidic and basic surface groups. Following the same
approach introduced in the previous sections we find that the
effective surface charge is

seff ¼ �
Nacidq

4pðaþ rionÞ2
þ q leffgc cae

�bjc
0 þ leffgn cae

�bjn
0

� 
;

leffgc ¼
lgcNacidrpatch

2

4ðaþ rionÞ2 1þ lgccae
�bjc

0prpatch2
� �;

leffgn ¼
lgnNbaserpatch

2

4ðaþ rionÞ2 1þ lgncae
�bjn

0prpatch2
� �;

(72)

where Nacid is the number of acidic groups and Nbase = Nsite �
Nacid is the number of basic groups. The effective sticky length
for acidic (charged) and basic (neutral) groups are: leff

gc and leff
gn,

respectively. The discreteness effects will manifest themselves
in different ways for hydronium ions condensing on acidic and
basic groups,

bjc
0 ¼ bfc

0 þ mqqc ;

bjn
0 ¼ bfn

0 þ mqqn ;
(73)

Since the values mqq
c,n depend only on the electrostatic inter-

action between the hydronium ions and the charged (acid)
sites, the value of mqq

c will be the same as in eqn (71), depending
only on the average separation between the acidic groups. We
will suppose that the basic groups are also uniformly distrib-
uted on the colloidal surface on a dual hexagonal lattice with
vertexes at the center of each triangle composed of acidic sites.
In this case the position of one of the basic groups will be at x0 =

d/2, y0 ¼
ffiffiffiffiffiffi
3d
p

=4. Using eqn (70) we obtain mqq
n

mqqn ¼ �
2pq2

gew

Xn¼10
n¼�1

Xm¼10
m¼�1

e�2krion

k
cos p mþ n

2

� 
(74)

The effective surface charge density can now be written as

seff ¼ �
Nacidq

4p aþ rionð Þ2
þ qKa

SurfNacidcae
�bf0

4pðaþ rionÞ2 1þ Ka
Surfcae

�bf0

� �
þ qKb

SurfNbasecae
�bf0

4pðaþ rionÞ2 1þ Kb
Surfcae

�bf0

� �
(75)

where

Ka
Surf ¼

Ka
Bulk

2
e�b�bm

qq
c ; (76)

and

Kb
Surf ¼

Kb
Bulk

2
e�bm

qq
n : (77)

The bulk equilibrium constants for acid and base, Ka
Bulk and

Kb
Bulk, are given by eqn (43) and (35), respectively. To test our

theory for mixture of basic and acidic surface groups we, once
again, compare it with MC simulations. We consider a colloidal
particle with 500 adsorption sites with different numbers of
acidic groups Nacid. The sticky lengths – lgc and lgn – are 109.97
and 1099.7, respectively. These values correspond to the equili-
brium constants Ka = 0.012 and 0.00125 M, respectively. The
concentration of strong acid, HCl, in the reservoir is fixed at
10 mM. We note that as the value of the sticky length lg

increases, it becomes progressively more difficult to equilibrate
the simulations. For this reason we have chosen values of lg

that are not too large. This, however, has no implication for the
theory, which remains valid for arbitrary values of lg and Ka.

Since the theory is completely general, the values of lg are
arbitrarily and one can, in practice, choose the depth and the
width of the sticky potential and calculate the sticky length.
There is, however, an additional constraint. The equilibration
of the simulations becomes progressively more difficult with
the increase of the sticky length. To have a good test of the
theory we, therefore, need to choose a sufficiently large sticky
length to have a significant association of hydronium ions with
the adsorption sites, while keeping a reasonable equilibration
CPU time. Furthermore, to better test the validity of the theory,
we should choose very different sticky lengths for acid and base
sites. This is the reason for a factor of 10 difference between
the values of lg of acidic and basic groups. In Table 1 we show
the values of mqq

c and mqq
n , calculated using eqn (71) and (74),

respectively – for a colloidal particle with the total of Nsite = 500
adsorption sites, Nacid of which are acidic (charged) and the rest
are basic.

Fig. 17 shows that for a small number of basic sites, the
theory remains very accurate. This is also the case if the number
of basic sites is significantly larger than the number of acidic
sites. The worst agreement is found when Nacid E Nbase in which
case the surface of the colloid becomes strongly heterogeneous,
with positive, negative, and neutral domains present, leading to
the breakdown of assumptions used to calculate mqq

c,n.
From the obtained results, we conclude that the theory

works very well if the colloidal particle has either basic or acidic
adsorption sites. The discrete charge effects are embedded in the
mqq

c and mqq
n , which are calculated using a regular arrangement

of adsorption sites, even though in the simulations the sites are
randomly distributed. If the number of acid and base sites is
approximately equal, then after the adsorption, we will end up

Table 1 Different values of mqq
c andmqq

n for a mixture of charged sites. The
total number of adsorption sites is 500

Nacid 500 450 300 200 50

mqq
c �0.6278 �0.6653 �0.8073 �0.94227 �1.31329

mqq
n — 0.14311 0.1519 0.1529 0.119273
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with large domains composed of �1, 0, +1 charges, and our
assumptions for calculating mqq

c and mqq
n will break down.

Nevertheless the theory is found to work quite well, as long
as the number of acidic and basic sites is not the same. The
addition of salt to the system results in even better agreement
between theory and simulations. Therefore, the salt free case
provides the most stringent test of the theoretical approach.

IX. Conclusion

In this work, we used a sticky sphere model to mimic chemical
reactions on a colloidal surface. Within our theory, the discrete
charge effects come only from acid surface sites, since ions are
treated at the mean field Poisson–Boltzmann level. This is the
reason why the surface equilibrium constant is dependent only
on the value of mqq. In the previous work we studied colloidal
particles with only acidic surface groups.16 In that approach we
used one component plasma model (OCP), to account for the
electrostatic corrections due to discrete surface groups. While
the approach in ref. 16 was sufficiently accurate for colloidal
particles with only acidic groups, the OCP does not take into
account the ionic radius, which prevented us from extending
this approach to colloidal particles with a mixture of acidic and
basic surface groups. In the present study, we have developed a
completely different method to account for discrete surface
effects using periodic Green functions. The fact that this theory
works well even for very small nanoparticles of 10 nm radius
shows the robustness of our approach.

The microscopic model presented in the paper permits us to
study the same chemical reaction taking place in bulk and at
the interface. In the case of neutral basic surface groups our
theory reduces to the NP approach with the bulk equilibrium
constant replaced by the surface equilibrium constant,

Kb
Surf !

1

2
Kb

Bulk: (78)

The difference between surface and bulk equilibrium constants
is a consequence of steric repulsion, which restricts the overall
surface area of the adsorption sites available for interaction
with hydronium ions.

For colloidal particles with acidic surface groups the situa-
tion is significantly more complex. In this case our theory
reduces to the NP approach with an effective surface equili-
brium constant only for weak acidic groups. For such systems
we find the surface equilibrium constant to be

Ka
Surf ¼

Ka
Bulk

2
e�b�bm

qq
c ; (79)

where mqq
c accounts for the discreteness of the surface charge.

For colloidal particles with a mixture of acidic and basic surface
groups, the respective surface equilibrium constants are given
by eqn (76) and (77).

It is important to stress that eqn (78) and (79) are not
universal, and in general, will depend on the details of the
system. These details may include molecular geometry, mod-
ified electronic structure of surface functional groups, water
structure, etc. Nevertheless the model of sticky adsorption sites
demonstrates that there is a mapping between the bulk and
the surface equilibrium constants which allows one to use the
Poisson–Boltzmann framework to accurately account for the
charge regulation in colloidal systems. Any deviations from
the experiment can therefore be attributed to the shortfall of
the model and not to the theoretical method used to solve it.

In this work, our primary goal was to explore the extent of
validity of the mean-field NP approach by applying it to an
exactly solvable model. Clearly the microscopic model that we
used for spherically symmetric hydronium, uniform dielectric
water, sticky interactions for covalent binding, etc., is a very
rough approximation to the physical reality. The advantage is
that we can solve this model exactly using computer simula-
tions. By applying the NP approach to the same model we can
then test the extent of validity of the mean-field approxima-
tions. We should stress that the NP theory does not give us any
information whatsoever about the surface equilibrium constant
and assumes it to be the same as the bulk association constant.
We find, on the other hand, that sticky interactions result in a
breakdown of the mean-field approximations. Surprisingly,
however, we observe that all the discreteness effects can be
included in a renormalized surface association constant, which
our theory predicts explicitly. For our microscopic model the
correlations and steric effects lead to lower surface association
constant KSurf, compared to the bulk association constant for
the same acid or base, KBulk. This means that fewer hydronium
ions will bind to surface groups, implying that surface pKa will
be smaller than bulk pKa. Within the present model, there are
two contributions which account for the decrease of the asso-
ciation constant at the surface. The first is the steric repulsion
from the colloidal surface, which diminishes the access of
hydronium to acid and base groups. Within our model the
accessible area for the charge transfer reaction is lowered by a
factor of two, which accounts for a factor of 1/2 in the surface
binding constant. The second contribution comes from the

Fig. 17 Density profiles of ions around colloidal particles with different
numbers of charged and neutral functional groups. The total number of
sites is Nsite = 500, the pH of the reservoir is 2 and there is no additional
salt. Symbols denote the results of MC simulations and the lines are
predictions of the theory. The densities are in units of particles per Å3.
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discrete nature of surface charged groups, which we also find to
lower the effective binding constant. On the other hand, the
experiments indicate that the surface binding constant, KSurf,
that one needs to use in the NP theory is actually larger than
KBulk. This means that the surface pKa is larger than the pKa of
the bulk acid.101 Since our model already takes into account all
the steric and electrostatic effects at the dielectric continuum
level, we must conclude that in order to account for the
experimental results we must include additional effects into
the model, such as dielectric discontinuity across the colloidal
structure, water ordering, quantum nature of proton transfer,
etc. The approach that we have developed should allow us to
explore these additional effects in order to understand the
mechanisms that lead to the increase of pKa at the colloidal
surface. This will be the subject of the future work.

Conflicts of interest

There are no conflicts to declare.

Acknowledgements

This work was partially supported by the CNPq.

References

1 C. Rønne, L. Thrane, P.-O. Åstrand, A. Wallqvist, K. V.
Mikkelsen and S. R. Keiding, Investigation of the temperature
dependence of dielectric relaxation in liquid water by thz
reflection spectroscopy and molecular dynamics simulation,
J. Chem. Phys., 1997, 107(14), 5319–5331.

2 D. Andelman, Chapter 12 - electrostatic properties of
membranes: the Poisson-Boltzmann theory, in Structure
and Dynamics of Membranes. vol. 1 of Handbook of Biological
Physics, ed. R. Lipowsky and E. Sackmann, North-Holland,
1995, pp. 603–642.

3 R. Messina, Electrostatics in soft matter, J. Phys.: Condens.
Matter, 2009, 21, 113102.

4 A. Abrashkin, D. Andelman and H. Orland, Dipolar
Poisson-Boltzmann equation: Ions and dipoles close to
charge interfaces, Phys. Rev. Lett., 2007, 99, 077801.

5 Y. Levin, Electrostatic correlations: from plasma to biology,
Rep. Prog. Phys., 2002, 65(11), 1577.

6 K. Shen and Z.-G. Wang, Electrostatic correlations and
the polyelectrolyte self energy, J. Chem. Phys., 2017,
146(8), 084901.

7 A. M. Smith, A. A. Lee and S. Perkin, The electrostatic
screening length in concentrated electrolytes increases with
concentration, J. Phys. Chem. Lett., 2016, 7(12), 2157–2163.

8 R. M. Adar, T. Markovich, A. Levy, H. Orland and
D. Andelman, Dielectric constant of ionic solutions: Com-
bined effects of correlations and excluded volume, J. Chem.
Phys., 2018, 149(5), 054504.

9 M. I. Bespalova, S. Mahanta and M. Krishnan, Single-
molecule trapping and measurement in solution, Curr.

Opin. Chem. Biol., 2019, 51, 113–121. Chemical Genetics
and Epigenetics Molecular Imaging.

10 D. Frydel, S. Dietrich and M. Oettel, Charge renormaliza-
tion for effective interactions of colloids at water inter-
faces, Phys. Rev. Lett., 2007, 99, 118302.

11 D. A. Walker, B. Kowalczyk, M. O. de La Cruz and
B. A. Grzybowski, Electrostatics at the nanoscale, Nano-
scale, 2011, 3(4), 1316–1344.

12 S. Alexander, P. Chaikin, P. Grant, G. Morales, P. Pincus
and D. Hone, Charge renormalization, osmotic pressure,
and bulk modulus of colloidal crystals: Theory, J. Chem.
Phys., 1984, 80(11), 5776–5781.

13 E. Trizac, L. Bocquet and M. Aubouy, Simple approach for
charge renormalization in highly charged macroions, Phys.
Rev. Lett., 2002, 89(24), 248301.

14 A. Adamson and A. Gast, Chemistry of Surfaces. John Wiley
& Sons, New York, NY, USA, 1997.

15 D. Wang, R. J. Nap, I. Lagzi, B. Kowalczyk, S. Han,
B. A. Grzybowski and I. Szleifer, How and why nanoparti-
cle’s curvature regulates the apparent pka of the coating
ligands, J. Am. Chem. Soc., 2011, 133(7), 2192–2197.

16 A. Bakhshandeh, D. Frydel, A. Diehl and Y. Levin, Charge
regulation of colloidal particles: Theory and simulations,
Phys. Rev. Lett., 2019, 123(20), 208004.

17 R. Podgornik, General theory of charge regulation and surface
differential capacitance, J. Chem. Phys., 2018, 149(10), 104701.

18 D. Frydel, General theory of charge regulation within the
Poisson-Boltzmann framework: Study of a sticky-charged
wall model, J. Chem. Phys., 2019, 150(19), 194901.

19 Y. Avni, D. Andelman and R. Podgornik, Charge regulation
with fixed and mobile charged macromolecules, Curr.
Opin. Electrochem., 2019, 13, 70–77.

20 K. Linderstrøm-Lang, On the ionization of proteins, CR
Trav. Lab. Carlsberg, 1924, 15(7), 1–29.

21 A. Majee, M. Bier, R. Blossey and R. Podgornik, Charge
regulation radically modifies electrostatics in membrane
stacks, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys., 2019,
100(5), 050601.

22 Y. Avni, T. Markovich, R. Podgornik and D. Andelman,
Charge regulating macro-ions in salt solutions: screening
properties and electrostatic interactions, Soft Matter, 2018,
14, 6058–6069.

23 D. Chan, J. PerTam, L. White and T. Healy, Regulation of
surface potential at amphoteric surfaces during partiele-
particle interaction, J. Chem. Soc., Faraday Trans., 1975, 71,
1046–1057.

24 R. Pericet-Camara, G. Papastavrou, S. H. Behrens and
M. Borkovec, Interaction between charged surfaces on
the Poisson-Boltzmann level: The constant regulation
approximation, J. Phys. Chem. B, 2004, 108(50), 19467–19475.

25 H. von Grünberg, Chemical charge regulation and charge
renormalization in concentrated colloidal suspensions,
J. Colloid Interface Sci., 1999, 219(2), 339–344.

26 H. G. Ozcelik and M. Barisik, Electric charge of nano-
patterned silica surfaces, Phys. Chem. Chem. Phys., 2019,
21(14), 7576–7587.

Paper PCCP

Pu
bl

is
he

d 
on

 1
5 

Se
pt

em
be

r 
20

20
. D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

id
ad

e 
Fe

de
ra

l d
o 

R
io

 G
ra

nd
e 

do
 S

ul
 o

n 
2/

10
/2

02
1 

7:
31

:4
5 

PM
. 

View Article Online

https://doi.org/10.1039/d0cp03633a


24726 | Phys. Chem. Chem. Phys., 2020, 22, 24712--24728 This journal is©the Owner Societies 2020

27 A. Lošdorfer Božič and R. Podgornik, Anomalous multipole
expansion: Charge regulation of patchy inhomogeneously
charged spherical particles, J. Chem. Phys., 2018,
149(16), 163307.

28 F. B. van Swol and D. N. Petsev, Solution structure effects
on the properties of electric double layers with surface
charge regulation assessed by density functional theory,
Langmuir, 2018, 34(46), 13808–13820.

29 T. Markovich, D. Andelman and R. Podgornik, Charge
regulation: A generalized boundary condition?, EPL,
2016, 113, 26004.

30 M. Krishnan, A simple model for electrical charge in
globular macromolecules and linear polyelectrolytes in
solution, J. Chem. Phys., 2017, 146(20), 205101.

31 M. Krishnan, Electrostatic free energy for a confined
nanoscale object in a fluid, J. Chem. Phys., 2013, 138(11),
114906.

32 R. A. Hartvig, M. van de Weert, J. Østergaard, L. Jorgensen
and H. Jensen, Protein adsorption at charged surfaces: The
role of electrostatic interactions and interfacial charge
regulation, Langmuir, 2011, 27(6), 2634–2643.

33 D. C. Prieve and E. Ruckenstein, The surface potential of
and double-layer interaction force between surfaces char-
acterized by multiple ionizable groups, J. Theor. Biol., 1976,
56(1), 205–228.

34 S. L. Carnie and D. Y. Chan, Interaction free energy
between plates with charge regulation: a linearized model,
J. Colloid Interface Sci., 1993, 161(1), 260–264.

35 R. Netz, Charge regulation of weak polyelectrolytes at low-
and high-dielectric-constant substrates, J. Phys.: Condens.
Matter, 2002, 15(1), S239.

36 A. Majee, M. Bier and R. Podgornik, Spontaneous symme-
try breaking of charge-regulated surfaces, Soft Matter,
2018, 14, 985–991.

37 J. E. Hallett, D. A. Gillespie, R. M. Richardson and
P. Bartlett, Charge regulation of nonpolar colloids, Soft
Matter, 2018, 14(3), 331–343.

38 M. Heinen, T. Palberg and H. Löwen, Coupling between
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