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ABSTRACT: We study the reversal of electroosmotic flow in
charged cylindrical nanopores containing multivalent electrolyte.
Dissipative particle dynamics is used to simulate the hydrodynamics
of the electroosmotic flow. The electrostatic interactions are treated
using 3D Ewald summation, corrected for a pseudo-one-dimensional
geometry of the pore. We observe that, for sufficiently large surface
charge density, condensation of multivalent counterions leads to the
reversal of the pore’s surface charge. This results in the reversal of
electroosmotic flow. Our simulations show that the Smoluchowski
equation is able to quantitatively account for the electroosmotic flow
through the nanopore, if the shear plane is shifted from the position of the Stern contact surface.

■ INTRODUCTION

Confined electrolyte solutions are important for electronics,1,2

energy conversion,3−5 and supercapacitors.6,7 In many industri-
al8,9 and life science applications,10,11 one is often faced with the
transport of electrolyte through nanopores.12−14 A particularly
important phenomenon is the flow of confined electrolyte
solution under the action of an electric field.15−17 This is known
as electroosmotic flow (EOF). In this process, ionized solute
particles, accelerated by the external electric field, transfer part of
their momentum to the solvent, resulting in an overall fluid flow.
The EOF has a huge span of applications ranging from
chemistry18−21 and biology22−25 to applied26,27 and geo-
logical28,29 sciences. Numerous works have studied liquid
transport at the micro- and nanoscale, making possible the
development of microfluidic devices,30−32 ionic circuits,33

energy harvesting,34,35 and identification of viral particles.36 In
spite of significant progress over the past several years, many
challenges remain.While atomistic simulations are now practical
for studying small ion channels imbedded into a cellular
membranes, the simulation of fluid transport through long
nanopores requires more coarse-grained simulation methods,
such as the dissipative particle dynamics (DPD) or lattice
Boltzmann simulations. Nevertheless, in recent years, there have
been a number of attempts to use atomistic simulations to study
EOF.37−40 One challenge faced when trying to use atomistic
simulations is the large system sizes necessary to tackle the
hydrodynamic time and space scales. Furthermore, the force
fields used in atomistic simulations have been optimized to study
bulk properties, while the EOF is fundamentally a surface
phenomenon. Thus, one needs an accurate force field that
describes the interaction of ions with surfaces and surrounding
water molecules. In a highly restrictive nanopore geometry, any

imperfections in the force field can lead to erroneous
conclusions. In view of these observations, in the present
paper, we will use a coarse-grained DPD simulation method to
explore more general issues unrelated to the specific model of
water or ionic force fields. The questions that we will try to
address are the following: Does the Smoluchowski equation
remain valid inside cylindrical nanopores containing multivalent
electrolyte? What is the location of the shear plane at which the
fluid velocity vanishes? Is it possible to reverse EOF in strongly
charged nanopores?
The reversal of the electrophoretic mobility is experimentally

well-known for colloidal suspensions with multivalent counter-
ions.41−43 In addition to ionic correlations, the phenomenon is
also affected by the surface chemistry, which can lead to specific
adsorption of multivalent counterions.44,45 Much less is known
about EOF inside charged nanopores. In this work, we will use
DPD simulations to account for the hydrodynamic flow inside
charged cylindrical nanopores. The DPD is specifically
constructed in such a way as to locally conserve the momentum
as well as to satisfy the fluctuation−dissipation theorem,
resulting in the correct hydrodynamic limit even for a relatively
small number of particles.46 To account for the long-range
electrostatic interactions between ions, we will use a recently
developed 3D Ewald summation method modified for the non-
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neutral pseudo-one-dimensional geometry of the pore’s
interior.47

■ MODEL AND SIMULATION DETAILS
Consider Nsol solvent particles and N charged particles, all with
massm, inside a cylinder of radius R = 10lB, length Lz = 10lB, and
surface charge density σ, as shown in Figure 1. The ions have

radius ri = 0.25lB. The natural length in our simulations is the
Bjerrum length lB = q

2β/ϵ, where β = 1/kBT. Its value is lB = 7.2 Å
for water at room temperature. In the present work, the
dielectric constant ϵ is taken to be uniform over all space.
However, It is possible to include the dielectric discontinuity
across the pore surface into the formalism described below.48

Periodic boundary conditions are implemented in the z
direction, and the no-slip boundary condition at the ion contact

surface, + = −x y R r2 2
i, is enforced using the bounce-back

technique.49 The total of N charged particles consists of N+3
trivalent counterions and N− monovalent co-ions, derived from
the dissociated multivalent salt. The excess number of
counterions is Nc = 2πRLz|σ|/αq, where α = 3 is the counterion
valence and q the proton charge, and it is included to preserve
the overall charge neutrality of the pore−electrolyte system. In
the present simulations we will fix the concentration of salt and
solvent particles in the “bulk” (the center of the pore) at
ϱ = −l0.025s B

3 and = −n l4s B
3, respectively. This corresponds to

an approximately 110 mM salt concentration. The cylindrical
pore is placed along the major axis of a rectangular simulation
box of side length Lp, Lp, and Lz, where Lp = 4R. The empty space
outside the cylinder is necessary in order to reduce the
interaction with spurious periodic replicas produced by the
3D Ewald summation method used to account for the
electrostatic interactions inside the pore.47

The hydrodynamic limit is obtained using the DPD method.
The interactions between all of the particles are given by the
following forces
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where rij is the separation vector between particles i and j, while
the cutoff radius is set to rc = lB. The softness of the collisions is
controlled by the parameter aij of the conservative force in eq 1.
We set aij = 25(βlB)

−1 for solvent−solvent interactions and 0 for
solvent−ion and ion−ion interactions. We recall that, within the
DPD formalism, the soft particles do not represent individual
water molecules but rather clusters of solvent molecules. The
effects of temperaturerandomnessare take into account by
the dissipative and random forces: eqs 2 and 3, respectively. The
fluctuation−dissipation theorem requires50 that Ω2 = 2γKBT,

and we set the friction parameter γ to γ β= −m l4.5( / )0.5
B

1. The
weight functions are defined as wD(|rij|) = wR(|rij|)

2, where wR(|
rij|) = (1− |rij|/rc). The forceFij

D depends on the relative velocity

vij between particle i and j, while the force Fij
R depends on a

uniformly distributed random number with zero mean and unit
variance ωij. The step time used in the integration algorithm is

set to βΔ =t m l0.005 / B.
The charged particles are modeled using a truncated Lennard-

Jones potential,51 with σLJ = 2ri, strength ϵLJ = 0.5 (β)−1, and
cutoff radius rLJ = 21/6σLJ. The difficulty with performing
simulations of Coulomb systems is that the interaction potential
is long ranged, and one cannot use simple periodic boundary
conditions to calculate the electrostatic energy. Instead, to
obtain the correct thermodynamic limit, the system must be
periodically replicated, so that each ion interacts not only with
the ions inside the simulation box but also with the infinite
number of periodic replicas of itself and of other ions. To
efficiently sum over the replicas, one can use Ewald summation
methods. However, the pseudo-one-dimensional geometry of
the pore requires that the replication be performed only in one
direction. On the other hand, the computationally efficient
Ewald summation method results in a full 3D replication of the
simulation cell. Nevertheless, it was recently shown that one can
still use 3D Ewald summation for pseudo-one-dimensional
systems, if a sufficiently large vacuum region is included inside
the simulation cell to prevent the interaction with the spurious
replicas. In addition, an extra term must be added to Ewald
summation to account for the conditional convergence of the
lattice sum and a preferential summation along the z-direction.
The electrostatic energy of a pseudo-one-dimensional periodic
system is then given by47

Figure 1. Schematic illustration of the simulated system. Solvent
particles, trivalent counterions, and monovalent co-ions are confined in
an infinite charged cylindrical pore of radius R and uniform surface
charge density σ. The cylinder is oriented along the z axis. The electric
field is applied in the z ̂ direction.
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where qi is the charge of ion i, κe = 5/Lz is the damping
parameter, =V L Lp z

2 is the volume of the simulation box, while

= π π πn n nk , ,
L x L y L z
2 2 2

p p z

i
k
jjj

y
{
zzz are the reciprocal lattice vectors, and

n’s are integers. This Ewald summation method allows us to
accurately and efficiently calculate the electrostatic energy of a
non-neutral charged system, with the total charge = ∑Q qi

N
it ,

periodically replicated in the z direction. Note that, due to
Gauss’s law, the uniform charge on the pore’s surface does not
produce any electric field in the interior of the pore and can be
neglected when performing simulations. However, if this is
done, the rest of the system will no longer be charge neutral. To
account for the non-neutrality47 of the pore’s interior, Qt-
dependent terms appear in the Ewald summation, eq 4.
The total force that a particle i feels is the sum of the DPD,

electrostatic, and Lennard-Jones contributions

= + +F F F Fi i i i
DPD elec LJ

(7)

where the electrostatic and Lennard-Jones forces can be
obtained from the gradients of their respective energies and
act only between charged particles. There is an additional force
produced by the external electric field responsible for inducing
the EOF. The electric field is applied in the +z direction. The
strength of the electric field is set to Ez = 1(βelB)

−1, so that the
force on an ion i is Fz = qiEzz.̂ Once the total force is obtained,
the equations of motion for each particle are integrated using the
velocity-Verlet algorithm.52 A stationary flow is established after
approximately 5 × 104 time steps. The samples are collected
each 10 time steps to perform a statistical analysis. In total, we
used 5 × 104 samples for each curve presented in the following
section.

■ RESULTS AND DISCUSSION
We start by calculating the ion concentration profiles after a
stationary flow has been established inside a nanopore of surface

charge σ. In Figures 2 and 3, we present the concentration
profiles of trivalent counterions and monovalent co-ions,

respectively, as a function of the distance from the center of
the pore, ρ. All of the results are presented in reduced units
ϱ∼ = ϱlB

3 .
As the surface charge of the pore is increased, we see a strong

condensation of trivalent counterions onto the pore surface,
resulting in the formation of a complex double layer structure.
The ionic charge density, ϱq(ρ) = 3qϱ+(ρ)− qϱ−(ρ), is shown in
Figure 4, demonstrating that the local charge neutrality is
established a short distance from the surface of the pore. Clearly,
the body force exerted by the electric field on the fluid will act
only within the range of the double layer.

Figure 2. Concentration profiles of trivalent counterions inside
cylindrical pores of various surface charge densities.

Figure 3. Concentration profiles of monovalent co-ions inside
cylindrical pores of various surface charge densities.

Figure 4. Charge density profiles inside pores of various surface charge
densities. Inset: zoom of the region close to the pore surface; the dashed
line shows zero charge density.
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In Figure 5, we show the reduced fluid flow velocity profiles,

β∼ =v v m( )z z
0.5, inside the channel for various charge densities σ.

We observe that, for pores of low surface charge density, the
EOF flow is in the same direction as the applied electric field.
This is what one expects, considering that the double layer is
overall positively chargedcollisions of ions with the solvent
particles lead to the transfer of momentum, resulting in the EOF
flow in the direction of the applied electric field. As the surface
charge becomes more negative, however, we observe that the
EOF flow reverses its direction. The surface charge density at
which the reversal of EOF takes place is close to the
experimentally measured values for the reversal of the
electrophoretic of colloidal particles.53 For even more negative
σ’s, the EOF inverts again; see the purple curve in Figure 5.
To obtain a more quantitative understanding of the reversals

of EOF, we will appeal to continuum hydrodynamics in the low
Reynolds number limit. The Stokes equation relates the fluid
velocity with the body force acting on the fluid:

ηϱ ∂
∂

= ∇ + ϱ + ∇
t

P
v

E vq
2

(8)

where v is the fluid velocity, ϱ is the fluid density, ϱq is the local
charge concentration, P is the pressure, E is the total electric field
vector, and η is the dynamic viscosity. Considering the azimuthal
symmetry of the pore, we can rewrite this equation in terms of its
radial and longitudinal components. For a stationary flow, the
Stokes equation becomes

ρ ρ ρ
ρ

η η= ∂
∂

̂ + ∂
∂

̂ + ϱ ̂ + ϱ ̂ + ∇ ̂ + ∇ ̂ρ ρ
P P

z
E E v vz z z0 q z q z

2 2

(9)

Furthermore, we observe that, in the stationary state, there is
no fluid flow in the radial direction, so the radial component of
velocity vanishes. We then arrive at the isostatic equilibrium
equation

ρ
∂
∂

= − ϱρ
P

E q (10)

This equation is the same as one finds for the thermodynamic
equilibrium in the absence of an applied electric field. In the
present case, the only source for the osmotic pressure is the
concentration gradient of salt which exists only in the radial
direction. Indeed, if we use van’t Hoff law for osmotic pressure,
eq 10 leads to the Boltzmann distribution of ions. This suggests
that, for small external electric fields, the ionic density profiles
should be the same as they are in the state of thermodynamic
equilibrium. Comparing the results of DPD simulations with

equilibrium Monte Carlo simulations, we find this to be true, as
long as the external electric field is not very large, so that osmotic
pressure remains a well-defined thermodynamic quantity. We
next note that ionic concentrations are invariant in the z
direction. This means that osmotic pressure also does not
depend on the z coordinate, and ∂P/∂z = 0. The z component of
eq 9 then reduces to

η= ϱ + ∇E v0 z q z
2

(11)

The ionic charge density is related to the electrostatic
potential, ϕ(ρ), inside the fluid by the Poisson equation:

ϕ ρ π σδ ρ ρ∇ = −
ϵ

[ − + ϱ ]R( )
4

( ) ( )q
2

(12)

Combining eqs 11 and 12, we obtain the Smoluchowski
equation for the fluid velocity inside the pore

ρ
πη

ϕ ρ ζ=
ϵ

−v
E

( )
4

( ( ) )z
z

(13)

where we have defined the electrostatic potential at the shear
plane as ϕ(ρs) ≡ ζ. The shear plane is defined as the position at
which the average fluid velocity vanishes vz(ρs) = 0. The DPD
simulations allow us to calculate the fluid velocity in the center of
the pore vz(0) (see Figure 5). Since the electrostatic potential at
the center of the pore vanishes, we can use vz(0) and eq 13 to
obtain the ζ potential

ζ
πη∼ = −
∼∼
∼
v

E
4 (0)z

z (14)

where η η β∼ = m l( / )0.5
B

2 and β∼ =E ql Ez zB . The reduced
dynamic viscosity for the present model parameters was
calculated using a separate DPD simulation of Poiseuille
flow,54 resulting in η∼ = 1.13. The reduced ζ potential, ζ ̃ =
βqζ, is shown in Figure 6 (blue circles) as a function of pore
surface charge density.

To locate the position of the shear plane, we need to calculate
the mean electrostatic potential, ϕ(ρ), inside the pore. The
mean electric field in the stationary state can be calculated from
the ionic charge distribution using Gauss’s law:

∫ρ π
ρ

ρ ρ ρ=
ϵ

′ ′ϱ ′ρ

ρ
E ( )

4
d ( )q0 (15)

The electrostatic potential is then

Figure 5. Fluid velocity profiles for various σ’s.

Figure 6. ζ potential as a function of the surface charge density σ. Blue
circles were obtained using eq 14, while the red squares correspond to
the electrostatic potential calculated at the location of the shear surface,
ϕ(ρs).
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∫ ∫ϕ ρ π ρ ρ ρ ρ= −
ϵ

′
′

″ ″ϱ ″
ρ ρ′

r
( )

4
d

1
d ( )q0 0 (16)

Performing the integration by parts, we obtain

∫ϕ ρ π ρ ρ ρ
ρ

ρ=
ϵ

′ ′ ′
ϱ ′

ρ
( )

4
d log ( )q0

i
k
jjjj

y
{
zzzz

(17)

In Figure 7, we show the reduced electrostatic potential inside
the cylinder, ϕ̃ = βqϕ, for various pore surface charge densities.

We locate the shear plane at the position where ϕ(ρs) agrees
with the ζ potential calculated using eq 14 for σ = −0.12 C/m2.
This yields ρ ρ∼ = ∼ = ∼ − ∼ −R r 0.1is ; see the dashed line in
Figure 7. In Figure 6, we see that the same location of the shear
plane leads to correct values of ζ potential for other pore surface
charge densities. Note that the shear surface ρs is shifted from
the contact surface, R− ri, by 0.1lB. We observe an identical shift
for other model parameters, such as monovalent electrolyte, ions
of different radii, and other salt concentrations. This suggests
that the location of the shear plane is a property of the pure DPD
fluid and is only very weakly influenced by the electrolyte. To
confirm this, in Figure 8, we plot the velocity profile of a pure
DPD fluid in which particles move under the action of a constant
gravitational field. Indeed, we observe that the fluid velocity
vanishes at a distance of about 0.1lb from the contact surface, at
which the bounce-back no-slip boundary condition is enforced.
The presence of a stagnated fluid layer of width 0.1lb away from
the contact surface helps us to understand the reversal of the

EOF flow observed earlier. Strong electrostatic correlations55

result in the reversal of the pore surface chargemore trivalent
ions crowd into the stagnation layer than is necessary to
completely neutralize the pore charge. Within the stagnation
layer, these ions have zero velocity with respect to the surface.
The rest of the double layer will then have a net negative charge,
resulting in the reversal of the EOF. If the pore surface charge
increased even further, i.e., made even more negative, hardcore
repulsion between the counterions will limit the number of
trivalent ions that can be condensed within the stagnation zone,
preventing the charge reversal from taking place inside this
region. Thus, for very negative pores, a reversal of EOF will not
happen. Indeed, this is what we observe in the simulations (see
Figure 5) showing that, for large negative σ’s, the EOF is, once
again, in the direction of the applied electric field.
The reversal of EOF is not possible for monovalent ions in

water. For 1:1 electrolyte, the correlations between counterions
are negligible, and charge reversal cannot take place.55 This is
indeed confirmed by our DPD simulations, showing that for 1:1
electrolyte there is no reversal of EOF.
To more precisely explore the EOF through a cylindrical

nanopore, we calculate the volumetric flow rate (VFR) defined
as

∫π ρ ρ ρ=Q v2 ( ) d
R

z
0 (18)

The reduced VFR, β∼ = −Q m l Q( )0.5
B

2 , is shown as a function
of σ in Figure 9, red squares.

The VFR can also be obtained in terms of the mean
electrostatic potential. Inserting eq 13 into eq 18, we obtain

∫η
ρ ϕ ρ ζ ρ∼ =

∼

∼
∼ ∼ − ∼ ∼ρ∼

Q
E
2

( ( ) ) dz

0

s

(19)

The comparisons of VFRs calculated using fluid velocity in
DPD with results obtained using eq 19 are shown in Figure 9.
We conclude that the Smoluchowski equations remain very
accurate even for multivalent electrolytes. Therefore, if the mean
electrostatic potential is known, e.g., from an independent
Monte Carlo simulation, and if the position of the shear plane is
also known, then we can calculate the VFR using equilibrium
statistical mechanics. There does not appear to be a way to
obtain the position of the shear plane from purely equilibrium
considerations. However, the fact that ρs depends only on the
solvent permits us to locate the position of the shear surface by

Figure 7. Electrostatic potentials, eq 17. The dashed line indicates the
shear plane, ρ∼ = ∼ − ∼ −R r 0.1s i .

Figure 8. Pure-fluid DPD simulation (without ions) for a pressure
gradient flow. The dashed line indicates the location of the shear plane,
ρ∼ = ∼ − ∼ −R r 0.1s i . The blue line shows a linear extrapolation of the
low velocity region to zero.

Figure 9. Volumetric flow rate as a function of charge density. Red
squares represent data obtained using fluid velocity in DPD (eq 18),
while the blue circles are calculated using the electrostatic potential and
eq 19.
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performing a single pure-fluid DPD simulation. Once ρs is
located using linear extrapolation (see Figure 8), we can
calculate the whole EOF using purely equilibrium statistical
mechanics combined with the Smoluchowski equation (eq 13).
Finally, it is interesting to calculate the electric current flowing

through the nanopore:

∑=
=

I
q
L

q v
z i

N

i zi
1 samples (20)

where vzi is the z component of velocity of particle i. The
conductance is defined as G = I/V, where V = −EzLz. In Figure
10, we plot the reduced conductance G̃ = (mβ)0.5ϵ−1G for

various surface charge densities. We see that G̃ is only weakly
dependent on the pore surface charge density. This is not very
surprising since both the flow of cations in the direction of the
applied electric field and the flow of anions in the opposite
direction to the electric field produce positive contributions to
the electric current. Unlike the EOF, which is intrinsically a
surface phenomenon, the electric current inside the pore is
dominated by the bulk motion of ions. This makes it only weakly
dependent on the overall fluid velocity induced by the EOF.
Nevertheless, we see an appearance of an inflection point in the
conductance at the value of the surface charge density at which
the reversal of EOF takes place.

■ CONCLUSIONS
We have studied the electroosmotic flow in charged cylindrical
nanopores containing multivalent electrolyte. To efficiently
explore the hydrodynamic limit of the electroosmotic flow, we
have used dissipative particle dynamics simulations. The
electrostatic interactions were treated using 3D Ewald
summation, corrected for the pseudo-one-dimensional geome-
try of the pore. We observe that, for sufficiently large surface
charge density, condensation of multivalent counterions leads to
the charge reversal of a pore’s surface. This results in the reversal
of electroosmotic flow. Our simulations show that the
Smoluchowski equation is able to account quantitatively for
the electroosmotic flow, if the shear surface is shifted away from
the contact surface position. Indeed, we find that the location of
the shear surface can be obtained from the simulation of a pure
DPD fluid, without any ions. Finally, we observe that both ζ
potential and the volumetric flow rate are nonmonotonic
functions of the pore surface charge densityindicating the
important role played by steric effects for strongly charged
nanopores.
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