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Abstract. Many recent models of trade dynamics use the simple idea of wealth exchanges among economic
agents in order to obtain a stable or equilibrium distribution of wealth among the agents. In particular, a
plain analogy compares the wealth in a society with the energy in a physical system, and the trade between
agents to the energy exchange between molecules during collisions. In physical systems, the energy exchange
among molecules leads to a state of equipartition of the energy and to an equilibrium situation where the
entropy is a maximum. On the other hand, in a large class of exchange models, the system converges to a
very unequal condensed state, where one or a few agents concentrate all the wealth of the society while the
wide majority of agents shares zero or almost zero fraction of the wealth. So, in those economic systems a
minimum entropy state is attained. We propose here an analytical model where we investigate the effects
of a particular class of economic exchanges that minimize the entropy. By solving the model we discuss the
conditions that can drive the system to a state of minimum entropy, as well as the mechanisms to recover
a kind of equipartition of wealth.

1 Introduction

The second law of thermodynamics states that isolated
systems always tend to an equilibrium state of maximum
entropy, where equilibrium means that the macroscopic
properties of the system are the same in any part of it. In
classical statistical physics the second law may be inferred
from Boltzmann H-theorem [1] and it is generally accepted
as a natural consequence of the energy exchange among
molecules in the kinetic theory of gases: when molecules
collide in a gas there is a transfer of kinetic energy from
the more energetic to the less energetic molecules and,
as a consequence, after a transient, all molecules share,
in average, the same energy. This result is the theorem
of equipartition of energy that characterizes the Maxwell-
Boltzmann equilibrium distribution of velocities, and it is
associated with the maximum entropy state. However, in
particular situations, it may happen that the entropy de-
creases as a function of time; examples are self-organized
systems and biological organisms. One common character-
istic of those systems is that they are not in equilibrium
even if they seem stable or stationary in time [2].

The idea that economic systems also possess some kind
of equilibrium state is an underlying concept in classical
economic theory, going from Pareto optimality to Nash
equilibrium [3]. But there are evidences that economic sys-
tems can be out of equilibrium and/or exhibit metastable
equilibrium states. This is the case when studying the
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wealth and income distribution [4]. Empirical studies fo-
cusing the income distribution of workers, companies and
countries were first presented more than a century ago
by Vilfredo Pareto and he discovered that the income
distribution does not behave in a Gaussian way but ex-
hibits “heavy tails”, i.e. the cumulative probability P (w)
of workers whose income is at least w follows a power
law [5] given by P (w) ∝ w−β . Nowadays, this power law
distribution is known as Pareto distribution, and the cor-
responding exponent β is named Pareto exponent. How-
ever, recent data indicates that, even though Pareto dis-
tribution provides a good fit in the high income range,
it does not agree with the observed data over the middle
and low income range. For instance, data from Japan [6,7],
Italy [8], India [9], the United States of America and the
United Kingdom [10–12] are fitted by a log-normal or
Boltzmann distribution with the maximum located at the
middle-income region plus a power law for the high-income
strata. The existence of these two regimes may be justified
in a qualitative way by stating that in the low and middle
income classes the process of wealth accumulation is ad-
ditive (and mainly due to wages), causing a Gaussian-like
distribution, while in the high income range, wealth grows
in a multiplicative way, generating the observed power law
tail [7].

In recent years physicists and economists working in
complexity science proposed different mathematical mod-
els of wealth exchange among economic agents in or-
der to try to explain these empirical data (For a review
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see Refs. [4,13,14]). Quoting reference [4]: inspired by
Boltzmann’s kinetic theory of collisions in gases, econo-
physicists introduced an alternative two-body approach,
where agents perform pairwise economic transactions and
transfer money from one agent to another. Actually, this
approach was pioneered by the sociologist Angle [15,16].
Most of these models consider an ensemble of interact-
ing economic agents, each one possessing a given amount
of endowments, money [10] or assets [14,17] that repre-
sents its economics resources and that we will describe as
“wealth”. The interaction among agents consists of a ex-
change of a fixed [10] or random [14,17] amount of their
wealth. The process of exchange is similar to the collision
of molecules in a gas and the amount of exchanged wealth
when two agents interact corresponds to some economic
“energy” that may be transferred for one agent to another.
If this exchanged amount corresponds to a fixed or ran-
dom fraction of one of the interacting agents wealth, the
resulting wealth distribution is – unsurprisingly – a Gibbs
exponential distribution [10].

Aiming at obtaining distributions with power law
tails, in order to describe the higher income region of
the wealth distribution histogram, several methods have
been proposed mostly introducing a multiplicative risk
aversion that acts as a multiplicative noise. Numerical
results [14,17–22], as well as some analytical calcula-
tions [23,24], indicate that a frequent outcome in these
models is condensation, i.e. concentration of all available
wealth in just one or a few agents. This final state cor-
responds to a kind of equipartition of poverty: all agents
(except for a set of zero measure) possess zero wealth while
one, or a few ones, concentrate all available resources. In
any case the final configuration is a stationary state of
“equilibrium”, since agents with zero wealth cannot par-
ticipate in further exchanges. Several methods have been
proposed to avoid this situation, for instance, exchange
rules where the poorer agents are favored [9,14,22,24,25]
or taxes and regulations [26,27]. (For the sake of complete-
ness, we mention that some deterministic exchange models
can generate a power law distribution of wealth, for ex-
ample the model of Slanina [28] where agents are picked
at random or the works of González-Estévez et al. [29,30]
where agents are distributed on a network). Here, instead,
we are mainly interested in the condensed state and in
the dynamics driving the system to this condensed state,
as well as in the entropy behavior when the system ap-
proaches condensation.

Thus, exchange rules are determinant of the long-time
behavior of the system. While we can obtain an expo-
nential Boltzmann-Gibbs distribution – and consequently
a maximum entropy state – if the exchanged fraction is
fixed or determined at random, condensation is the out-
come when exchange rules are so that, when two agents
interact, the exchanged amount Δw is proportional to the
wealth of one of the participants or to both [23] but in no
case one participant can win more than the value he put in
stake. So, the exchange process is a kind of lottery where
no agent can win more than his own possessions. One par-
ticular and widely used exchange rule is to consider that

the fraction of transferred wealth from agent x′ to agent
x′′, or vice versa, is: Δw = min{(1 − λ)w′; (1 − λ)w′′},
where w′ and w′′ are the respective wealth of the two in-
teracting agents, and λ is a risk-aversion factor, so the
capital fraction that the agents risk during the exchange
is 1−λ [14,22,24]. We remark that the risk-aversion factor
alone does not guarantee that the system avoids conden-
sation, but when approaching a condensed state, in the
intermediate stages the wealth distribution goes through
a series of power law distributions where the Pareto expo-
nent increases as a function of time [24].

The previous definition of Δw involves a logical com-
parison that is difficult to be treated analytically. Here
we consider another form of Δw. We define an analytical
expression of Δw that guarantees that no agent partic-
ipating in the exchange risk more than the quantity he
can win. To do that we define Δw = w′w′′

w′+w′′ , that presents
similar properties and is equal to the wealth of the poorer
partner when the wealth of the richer agents is much big-
ger than the other. To further simplify the model we do
not consider the risk-aversion factor. As we are interested
in the condensation regime, and only marginally in the
heavy tails, the introduction of the risk-aversion factor
can generate power laws [19,20,31] but does not prevent
condensation; indeed, only the combination of a risk aver-
sion factor and a probability of favoring the poorer agent
bigger than 1/2 may prevent condensation [14,21,22,24].
Thus, to investigate the condensation regime, we prefer
to restrain ourselves to a simpler model with less param-
eters. Using this exchange rule, i.e. a rule where no agent
can win more than its own endowments, and the meth-
ods of non-equilibrium statistical mechanics we show in
this paper that the entropy decreases in the intermediate
stages leading to a condensed state of minimum entropy
(and maximum inequality, Gini coefficient equal to 1).

The text is organized as follows: in the next section we
write the exchange model in the form of a master equation
that is solved by numerical iteration in Section 3. Next in
Section 4 we calculate the entropy of the system as well
as the Theil index and we discuss why the Boltzmann H-
theorem is not verified. Finally the results are discussed
and the conclusions presented in section 5.

2 The evolution equation

We consider a collection of R individuals, each one char-
acterized by a given value of a continuous variable w.
This variable can represent the wealth, cash, properties, or
some other measure of the agent’s fortune, but it can also
represent a physical scalar quantity, as energy. When the
agents interact they exchange Δw = (w′w′′)/(w′ + w′′).
It implies that when the two agents have very similar
wealth, the exchanged amount is approximately half of
each agent wealth, while if the possessions are very differ-
ent, the transferred amount is equal to the poorer agent’s
wealth. This expression yields a fair exchange rule in the
sense that no agent risks more that the amount he can
win. Indeed the rule is very similar to the one used in ref-
erences [14,22], i.e. w = min{w, w′} but here we avoid the
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logical operator using an analytical expression. Further-
more, this rule conserves wealth and number of agents,
implying that the average wealth per agent, 〈w〉 is also
conserved, what allows taking it as a wealth unit. In what
follows all wealth values are given in units of 〈w〉, such
that the values of w are dimensionless.

We also aim at investigating the effect of favoring the
poorer agent in an interaction. Condensation of wealth
is an undesirable effect in models describing wealth dis-
tribution and many authors proposed different ingredi-
ents to avoid this effect. One of the most popular recipes
is to define a wealth-dependent probability of winning a
transaction. For example in references [9,14,22,24,25] it
is assumed that the winning probability is higher for the
poorer participating agent. Even if this recipe seems coun-
terintuitive, favoring the poorer agent in every transac-
tion somehow emulates a regulatory policy imposed by
a government. To assess the effects of this kind of pol-
icy, we assume that in an interaction between two agents
with wealth w′ and w′′, the probability pγ(w′|w′′) that
the agent with wealth w′ wins the exchanged amount,
Δw = (w′w′′)/(w′ + w′′), is given by

pγ(w′|w′′) =
1
2

[1 − γ tanh (w′ − w′′)] , (1)

where γ may assume any value in the interval [0, 1]. The
parameter γ introduces an asymmetry in the probability,
if γ �= 0 the poorer agent has better chances in the ex-
change. This factor has been widely utilized in order to
try to avoid condensation [14,21,22,24]. This asymmetric
winning probability has the following properties

– pγ(w′|w′′) = 1
2 , if w′ = w′′ for all γ.

– pγ(w′|w′′) = 1
2 , if γ = 0 for all w′ and w′′.

– pγ(w′|w′′) = 1
2 (1∓ γ) if w′ −w′′ → ±∞, so γ must be

0 ≤ γ ≤ 1.
– pγ(w′|w′′) + pγ(w′′|w′) = 1, for all 0 ≤ γ ≤ 1, w′, and

w′′.

Hence, by varying γ we can investigate the effects of vary-
ing the winning probability on the wealth distribution and
verify if a value of γ �= 0 may prevent condensation.

We define N(w, t)dw as the probability of finding an
agent with wealth in the interval [w, w + dw] at time t
or, alternatively, as the relative number of agents with
wealth in that interval. From now on, we consider the
limit where there is an infinite number of agents, such
that N(w, t) is a continuous function of w. The wealth
evolution of such agents depend on their transactions. As-
suming that (i) the probability per unit time that two
agents of wealth w and w′ perform a transaction is given
by k N(w, t)N(w′, t) dw dw′, being k the transaction fre-
quency; (ii) the exchanged wealth in that transaction is
Δw = (w′w′′)/(w′ +w′′); and (iii) the probability of gain-
ing or loosing that amount is given by a regulatory func-
tion pγ(w′|w′′) given by equation (1); we may write the

evolution equation for N(w, t) as

N(w, t + Δt) − N(w, t) = −2 k N(w, t)

+ k

∫ ∞

0

dw′
∫ ∞

0

dw′′N(w′, t)N(w′′, t)
{

pγ(w′|w′′) δ

(
w −

[
w′ +

w′ w′′

w′ + w′′

])

+ pγ(w′′|w′) δ

(
w −

[
w′ − w′ w′′

w′ + w′′

])

+ pγ(w′′|w′) δ

(
w −

[
w′′ +

w′ w′′

w′ + w′′

])

+ pγ(w′|w′′) δ

(
w −

[
w′′ − w′ w′′

w′ + w′′

])}
. (2)

This is a non-linear probability conservation equation. The
first term in the right hand side of equation (2) gives the
amount of agents that have changed from w to some other
value. This term is proportional to the total number K(w)
of transactions involving agents with wealth in the range
(w, w+dw), during the time interval dt, which is given by

K(w) = k

∫ ∞

0

dw′
∫ ∞

0

dw′′N(w′, t)N(w′′, t) [δ(w′ − w)

+δ(w′′ − w)]
= 2 k N(w, t), (3)

and where we have explicitly taken into account the nor-
malization of N(w, t), that is,

∫ ∞
0

dwN(w, t) = 1. The
other four terms in equation (2) describe the increment
in N(w, t) due to agents that changed their wealth to w
(by winning money, first and third terms, or by losing
money, second and fourth terms) during dt. The conser-
vation of number of agents is easily verified by integrating
equation (2) in w. The total wealth is also conserved. As
the number of agents is conserved, wealth conservation is
demonstrated by showing that the time derivative of the
average wealth is zero:

d

dt
〈w〉 =

∫ ∞

0

dw w
∂N(w, t)

∂t
= 0. (4)

Using equation (2) to estimate the time derivative
of N(w, t) and performing the integrals containing
δ-functions we obtain
∫ ∞

0

dw w [N(w, t + Δt) − N(w, t)] =

−2k

∫ ∞

0

dw wN(w, t)+
∫ ∞

0

dw′
∫ ∞

0

dw′′N(w′, t)N(w′′, t)k

×
{

pγ(w′|w′′)
[
w′+

w′ w′′

w′ + w′′

]
+pγ(w′′|w′)

[
w′− w′ w′′

w′ + w′′

]

+pγ(w′′|w′)
[
w′′+

w′ w′′

w′+w′′

]
+pγ(w′|w′′)

[
w′′− w′ w′′

w′+w′′

]}

= 0, (5)

implying a constant average wealth. We use wealth
and number of agents conservation to define the
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wealth unit as the average wealth given by 〈w〉 =∫ ∞
0 dww N(w, t)/

∫ ∞
0 dwN(w, t). So, as previously stated,

wealth is given in units of average wealth 〈w〉.

3 Numerical iteration

The evolution equation, equation (2), has been numer-
ically iterated by dividing the w axis in bins of width
〈w〉/100, while the exchange rate k is taken as k = 0.01/τ
with τ being the simulation time step. We have considered
two different initial conditions:

– a normal distribution with average 〈w〉 = 1 and vari-
ance 〈w〉/6 = 1/6.

– an uniform distribution in the interval [0, 2〈w〉] =
[0, 2].

We first analyze the symmetric case, where γ = 0, such
that in each transaction the winning probability is 1/2 for
both agents. Figure 1 shows the time evolution for two
initial conditions: Figure 1a for a normal initial distribu-
tion and Figure 1b for a uniform initial distribution. It
is interesting to note that after some initial oscillations,
more pronounced for the case of the normal distribution
(because at the beginning of the simulation the exchanged
amounts are always very near 〈w〉/2) the system arrives
to the same distribution. This final distribution evolves to
the condensed state. It is characterized by a very small
fraction of agents with wealth well above 〈w〉, and an
ever increasing number of agents with wealth very near
zero. However, it is worth to note that the transient states
present a clear exponential tail (and not power law), as one
can see in the log-linear plots presented in Figure 2, where
the distributions are represented by a linearly decreasing
function with an slope, −ζ, that corresponds to the expo-
nent of the tail of the distribution: N(w) ∼ e−ζw . This
exponent decreases with time as shown in Figure 3. One
expects that for t → ∞ the exponent goes to zero, indi-
cating that almost all the agents have zero wealth and the
distribution is L-shaped, that means that a finite set of
agents (one or a few, but in any case a zero-measure set)
possess all the available resources. On the other hand, the
interval on the w axis where N(w, t) is described by an
exponential increases with time, and ranges from w of the
order of 〈w〉 to a higher value of w that increases in time.
After that, N(w, t)dw decreases very fast to values much
smaller than 10−9 implying that it is very unlikely that a
system described by that N(w, t) would present agents in
the high wealth interval. We call this distribution, where
the number of agents goes to infinity for w going to zero,
and goes to zero for any finite wealth, an L-shaped distri-
bution.

Now, we will consider an asymmetric winning proba-
bility, by taking a finite value of 0 < γ ≤ 1 in equation (1).
The iteration results for a uniform initial distribution are
shown in Figure 4, where we extended the iteration time
from 800 to 3200 time steps. The results for other initial
conditions are similar, as it was for the γ = 0 case. How-
ever, even considering values of γ �= 0, as time evolves

Fig. 1. (Color online) Plot of the wealth distribution at differ-
ent times for (a) an initial normal distribution, (b) an initial
uniform distribution.

Fig. 2. (Color online) Log-linear plot of the wealth distribution
at different times for (a) an initial normal distribution, (b) an
initial uniform distribution.

Fig. 3. (Color online) The exponent of the wealth distribution
as a function of time for different initial conditions.
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dS

dt
= −k

∫ ∞

0

dw′
∫ ∞

0

dw′′N(w′, t)N(w′′, t) log

⎡
⎢⎣N

(
w′ + w′w′′

w′+w′′ , t
)1−γ tanh(w′−w′′)

N
(
w′ − w′w′′

w′+w′′ , t
)1+γ tanh(w′−w′′)

N(w′t)N(w′′, t)

⎤
⎥⎦

Fig. 4. (Color online) Plot of the wealth distribution for
0 < γ ≤ 1 at different times for an initial normal distribution.

the distribution N(w) tends to an L-shaped distribution
where all agents concentrate at w = 0, with an infinitesi-
mal number of agents presenting w > 0: all distributions
exhibit peaks for w = 0 as time increases. The exception
happens for γ = 1, when the peak in the distribution lo-
cated at w > 0, is stable and increases as time goes by. In
this case the wealth distribution approaches a shape that
is well fitted by a Gaussian or lognormal function. Nev-
ertheless, it is clear from Figure 4 that for bigger enough
values of γ the time for arriving to condensation is also
bigger, so, for finite periods of time, increasing γ diminish
inequality.

The fact that for γ < 1 the system converges to con-
densation when t → ∞ can be explained because when an
agent reaches the miserable state, with w ∼= 0, it no longer
participates in the transactions, since in transactions in-
volving w = 0-agents the exchanged amounts are always
zero. It means that the w = 0 state acts as a trap of zero
escaping probability: and it is just a question of time for
the system to reach a state where all agents concentrate at
the total misery state. The only case when this situation
does not happen is when γ = 1 because, in this case, the
poorer agent always wins such that the system is driven
towards a kind of equipartition of wealth. Figure 5 illus-
trates this point by presenting the evolution of N(w = 0)
with time, for different values of γ. The fraction of miser-
able agents remains finite, as in the initial state, only for
γ = 1.

Fig. 5. (Color online) Plot of N(w = 0) with time for normal
initial condition and different values of γ.

4 Entropy evolution

4.1 Standard entropy

To quantitatively characterize the degree of inequality of
the distribution we consider different estimators. Inequal-
ity is generally quantified by either using Gini coefficient1,
whose calculation is presented at the end of this section, or
the Shannon entropy, known by economists as the Theil
index or coefficient2. Here, in order to compare with a
more typical thermodynamic variable, we also calculate
the usual entropy of the system. We begin by calculat-
ing the conventional entropy, in the way it is defined in
standard Statistical Physics textbooks [1]:

S = −
∫ ∞

0

dwN(w, t) log N(w, t). (6)

The time evolution of the entropy is given by

dS

dt
= − d

dt

∫ ∞

0

dwN(w, t) log N(w, t)

=
∫ ∞

0

dw
∂N(w, t)

∂t
log N(w, t) (7)

and using equation (2), we obtain

See equation above.

Even if, for γ = 0, a Boltzmann-like distribution with
an effective temperature proportional to 〈w〉, that is,

N(w) = e
− w

〈w〉
〈w〉 , yields dS

dt = 0, a visual inspection of
Figure 2 suggests that this is not the stationary solution
for long times neither for γ �= 0: the wealth distribution

1 http://en.wikipedia.org/wiki/Gini_coefficient
2 http://en.wikipedia.org/wiki/Theil_index
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clearly exhibits an exponential behavior for intermediate
and low values of w. Alternatively, there exists another
type of function that presents norm 1, average 〈w〉 = 1,
and leads to dS

dt = 0. This function is also compatible
with the asymptotic stationary solution (as indicated by
numerical simulations for γ < 1), and is a stationary so-
lution of equation (2). One possible function with these
properties type is:

Nst(w, t) = lim
wmax→∞

⎧⎪⎨
⎪⎩

1 − 2〈w〉
wmax

if w = 0
2〈w〉
w2

max
if 0 < w ≤ wmax

0 if w > wmax

. (8)

This solution describes condensation that corresponds to
the numerical results obtained in this work as well as in the
references quoted above. The solution is also the attractor
of the dynamic of the system:

– Due to the dynamics of the system wmax is always in-
creasing. So it tends to infinity as time goes to infinity.

– The fraction of the agents populations with w = 0
grows as 1− 2〈w〉

wmax
and hence tends to 1 as wmax → ∞.

– The total wealth concentrates in a infinitesimal pop-
ulation fraction, given by 2〈w〉

wmax
having w > 0, which

goes to zero as time goes to infinity.

We call this solution “condensate solution”. The entropy
evolution for the iterated distributions is presented in Fig-
ure 6. For γ < 1 the entropy initially increases, corre-
sponding to the spreading of the distribution function.
However, when the number of agents with zero wealth
increases to very high values, the entropy decreases, in-
dicating an ordered state: condensation of the agents in
the w = 0 state. This is compatible with the proposed at-
tractor, equation (8). It is worth to note that the entropy
decreases, and not increases, in time. We may explain this
result by the fact that for any initial w, an agent has a
non-zero probability of continuously loosing wealth, being
attracted to the total misery condition with w = 0 when
t → ∞. From this state it is not possible to escape. Thus,
the condensed state plays the role of a zero escaping prob-
ability trap in a random walk and is also an ordered state
with minimum entropy.

4.2 Theil entropy

The entropy defined in the previous subsection corre-
sponds to the usual Shannon entropy defined in physics
textbooks when considering the probability of finding an
agent with a given wealth. An alternative entropy func-
tion may be defined considering the probability of finding
a given fraction of wealth with a given agent. To do this
we consider the summation (or the integral) of the wealth
times its logarithm, and this is the entropy (or inequality
coefficient) defined by Theil2 [32] that we will call here
Theil entropy, represented as SW . The Theil entropy is a
useful measure of disorder and of inequality; it has been
used, for example, to study time series correlations in the

Fig. 6. (Color online) Time evolution of the entropy for dif-
ferent values of γ and two different initial conditions.

gross national income of different countries [32–34]. Even
a non-extensive q-Theil index has been defined [35].

Consider WT as the total wealth of the system and
wi as the wealth belonging to agent i. Hence wi

WT
is the

fraction of the total wealth that belongs to agent i, or the
probability that a given portion of wealth belongs to agent
i. This distribution function is normalized:

∑
i

wi

WT
= 1, (9)

and we may define the Theil entropy, SW , regarding this
distribution function [32]:

SW = −
∑

i

wi

WT
log

(
wi

WT

)
. (10)

SW may be calculated using N(w, t) as follows:

SW = −NT

∫ ∞

0

dwN(w, t)
w

WT
log

(
w

WT

)
, (11)

since WT = 〈w〉NT , where NT is the total number of
agents. Then, the Theil entropy can be written as:

SW = −
∫ ∞

0

dwN(w, t)
w

〈w〉 log
(

w

〈w〉
)

+ log(NT ), (12)

that is a more appropriate form for numerical purposes.
Figure 7 presents the evolution of the Theil entropy for dif-
ferent initial conditions and values of γ. Except for γ = 1,
dSW

dt < 0 for all times. This result, together with the be-
havior of the standard entropy, implies a tendency to or-
der: the entropy decreases instead of increasing and this
characterizes a wealth concentration process (or conden-
sation) that goes in the opposite direction of the “equipar-
tition of energy” obtained in the kinetic theory of gases
or the Gaussian distribution of wealth obtained in other
exchange models [4]. This point will be discussed in detail
below.

In any case, and making a parallel bewteen physics and
markets, if the second law of thermodynamics, when ap-
plied to the whole universe, has as a corollary the “thermal
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Fig. 7. (Color online) Time evolution of the Theil entropy for
different values of γ and two different initial conditions.

Fig. 8. (Color online) Evolution of the liquidity, or exchanged
wealth, for different initial conditions and values of γ. It is pos-
sible to observe that (with the exception of γ = 1) it decreases
in time, leading to a thermal death of markets.

death of the universe”, the concentration – or condensa-
tion – of wealth leads to a “thermal death of markets”,
since markets need exchanges, or flux of capital, to sur-
vive. If all agents, with a few exceptions, have zero wealth,
there are no exchanges. This can be verified if we calculate
the “liquidity”, or the money being exchanged in the sys-
tem. We define the liquidity of the market as the amount
of money exchanged per unit time:

C(t) =
1
2

∫ ∞

0

dw′
∫ ∞

0

dw′′N(w′, t)N(w′′, t)
w′w′′

w′ + w′′ .

(13)
The liquidity has been numerically calculated for different
times and it is represented in Figure 8: one can verify that
the liquidity is also a decreasing function of time for γ < 1.

One can argue that this behavior of the W -entropy
and of the liquidity are artifacts because we have consid-
ered a wealth conserving system, and this is not realis-
tic. However, within a very simplified description of the
wealth generation process one can expect that the wealth
production should be proportional to the circulating cap-
ital: wealth must be exchanged to generate more wealth.
(Adam Smith said that trade and exchange are emblem-
atic of the nature of men: “Nobody ever saw a dog make a
fair and deliberate exchange of one bone for another with
another dog.” [36]) In this case it is interesting to investi-

Fig. 9. (Color online) The liquidity, or circulating capital, C,
as function of the Theil entropy SW for different initial con-
ditions and values of γ. C increases with SW , showing that
evenly distributed wealth leads to higher wealth exchanges.

gate the dependence of the total exchanged wealth, C(t),
with the wealth distribution. Wealth concentration is sup-
posed to decrease when the Theil entropy, SW , increases,
then, we represented in Figure 9 C versus SW for all times
and for both initial conditions. One verifies that, as ex-
pected, the circulating capital is an increasing function of
SW , which means that the more concentrated the wealth
is, the smaller wealth production should be expected, con-
firming that even for a non-conservative market this death
of trade is still valid.

4.3 Why the market condenses?

We focus now on the characteristics of the dynamics that
explain condensation as the attractor of the evolution
equation. The first reason is that the state of total misery,
that is, agents with w = 0, is a trapping state with zero es-
caping probability. The second point is that, regardless of
agent wealth, the probability that eventually it approaches
w = 0 is non-null. On the other hand, as wealth is con-
served, the accumulation of agents near w = 0 implies few
agents with very large w. To further illustrate this point,
we calculated the average probability Q+(w) for an agent
with wealth w to increase its wealth in a given time step,
as

Q+(w) =
∫ ∞

0

dw′ N(w′, t)pγ(w|w′)

=
1 − γ〈tanh(w − w′)〉

2
(14)

where 〈. . .〉 stands for the average over N(w′, t). Assume
a wealth distribution peaked around 〈w〉. For w much
lower than the typical values in the wealth distribution,
tanh(w′−w) approaches −1 when N(w′, t) > 0 and hence
Q+(w) ∼ 1+γ

2 . If γ < 1 there is a non zero probability
for the agent to loose in a transaction and of approaching
the total misery state. This total misery state is a finan-
cial hell, as once there, in the words of Dante: Lasciate
ogni speranza, voi che entrate, i.e. there are no chances
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to escape. In physics words each step of the process is
irreversible. Contrary to the collision of molecules in the
kinetic theory, here there is no time-reversibility in the ex-
change process. Once again, the paradoxical result is that
while irreversibility leads to maximum entropy in phys-
ical processes, for this kind of financial exchanges irre-
versibility leads to condensation and minimum entropy.
As we described in the previous section, the wealth dis-
tribution will approach the condensate ‘L’-shape configu-
ration. Only for γ = 1 the dynamics guarantees that the
probability of loosing wealth is zero for the poorest. This
is the one case where the ‘L’-solution is not the attractor
of the dynamics.

4.4 Lorenz curves and Gini coefficient

In the previous section we have defined the W -entropy or
Theil coefficient. Another useful and current measure of
inequality is the Gini coefficient1. To evaluate this coef-
ficient, we first construct the Lorenz curves by defining
x(wZ ) as the fraction of the agent population with wealth
lower or equal to wZ , that is,

x(wZ ) =
∫ wZ

0

N(w, t)dw, (15)

and the fraction of wealth F (wZ) belonging to this popu-
lation as

F (wZ) =
∫ wZ

0

N(w, t)
w

〈w〉dw. (16)

As both x(wZ) and F (wZ) are uniquely defined by wZ

we may build a function L(x), called the Lorenz curve, as
the fraction of wealth F (wZ) calculated at a value of wZ

that corresponds to the population fraction x. Figure 10
shows the time evolution of the Lorenz curves correspond-
ing to the runs with uniform initial conditions. It is clear
from the figure that the Lorenz curves present a nega-
tive curvature whose absolute value increases in time for
γ < 1 and, as one should expect, the limit for t → ∞ is
a condensed state, or an almost L-distribution for zero or
a small value of γ, while the share of the wealth is rather
stable for higher values of γ and even improves for γ = 1.

The Gini coefficient is defined as1

G = 1 − 2
∫ 1

0

L(x)dx (17)

which gives a measure of the inequality: for a distribu-
tion where all agents have the same amount of wealth,
N(w, t) = δ(w − 〈w〉), the Lorenz curve is a straight line
such that

∫ 1

0
L(x)dx = 0.5, yielding G = 0. On the other

hand when all wealth belong to just one agent, G = 1.
Figure 11 shows the evolution of the Gini coefficient. The
initial value of the Gini coefficient is higher in the case
of the uniform distribution than for an inital Gaussian
distribution, but for t � 1000 time steps the system has
already “forgot” the initial conditions. It is possible to
observe that the Gini coefficient monotonically increases
approaching asymptotically 1 for t → ∞.

Fig. 10. (Color online) Lorenz curves as a function of time for
different values of γ, at different times.

Fig. 11. (Color online) Time evolution of the Gini coefficient.
Note that, after a short transient, the Gini coefficient is a mono-
tonically increasing function of time when γ < 1.

5 Discussion and conclusions

We have shown, both by analytical and numerical methods
that exchange models where the exchange fraction cannot
be bigger than the capital of any of the participants, leads
to a condensed state and so, to a state of minimum en-
tropy. However, this state is a state of equilibrium and a
state that represents a kind of thermal dead of markets,
as no more exchanges are possible when all, or almost all
agents (with the exception of a set of zero measure), have
wealth equal to zero. That means that this kind of ex-
change rule induces a behavior completely different of the
one predicted by Boltzmann H-theorem for the exchange
of energy among the molecules in a gas. The reason is
that the hypothesis of the H-theorem are not fulfilled by
these exchange rules. As we discussed previously, if the ex-
change assets are determined completely at random, the
Boltzmann-Gibbs distribution is recovered [4,10]. Also, if
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an “unfair” rule of exchange is introduced, for instance al-
lowing one agent to take all the assets of the other partner,
a distribution with a higher Gini coefficient is obtained
and there is no condensed state [14,37]. Thus, it seems
that condensation emerges from exchanges that are not
time-reversible and where it is impossible to receive more
money than the quantity already owned. What seems to
be a fair exchange rule has the implication of spreading
misery. To avoid condensation and the thermal death of
markets some regulation, or some minimum allowance is
necessary to favor the poorer agents. Even the introduc-
tion of a risk-aversion factor, as discussed in the introduc-
tion does not impede the condensation [24]. When there
are no regulations and/or when no one can win more than
he has, the dynamics leads to a condensed state and to a
frozen economy. This result emphasizes the importance of
regulations and also of loans, as they permit to invest more
capital than the one owned by each agent. Also, acting on
the poorest agent, as described in an extremal dynamics
model [38], also tend to avoid this condensed state.

If one wants to compare this result with the second law
of thermodynamics applied to physics, random or “unfair”
exchange rules [14,37] are essential features to recover a
kind of second law. This effect may seem awkward but we
can think of physical systems where the exchange rule is
similar to the one proposed here and, indeed, there exist
physical systems that behave in a similar way. Maybe the
best known example are the moderators used in nuclear
reactors, where particular materials are used to thermal-
ize neutrons, transforming a wide distribution of energy
into a distribution with a pronounced peak in the region
of energy of interest. One can argue that even if the en-
tropy of the neutrons decreases, the total entropy of the
system increases. That is a good clue to better under-
stand the behavior of the exchange model for markets.
If the studied exchange model leads to a decrease of en-
tropy and then to an ordered state of minimum entropy,
this is because poor agents have no possibility of recovery.
This is important when considering policies to improve
the wealth distribution, a thermal bath, like the state,
or banks, or other sources of money should be considered.
We should also be aware that a pure exchange models pro-
vides a limited description of markets and trade, as they
do not consider neither regulatory policies, nor produc-
tion of goods and commodities, nor salaries, nor banks,
nor debts. The limitation of those models was extensively
discussed by Gallegati et al. [39]. Nevertheless, in spite of
their simplicity, we think that exchange models capture
an essential characteristic of economical activity, and, in
particular, of markets, i.e. accumulation of wealth in a few
hands. On the other hand they show that equilibrium is
probably not an essential ingredient in the description of
markets, not in the sense of a maximum entropy state, in
any case.

To conclude, we have presented a complete study of
a family of wealth exchange models and we have shown
that when the exchange rule is not time-reversible and
does not allow to the poorer agent in the interaction to
win more than its own endowments the system converges

to a state of minimum entropy, with full condensation of
the wealth in a few hands, and to the termination of trade.
We have also calculated the Lorenz curves and the Theil
and Gini coefficients. Finally, we have verified that only
a rule where the poorer agent is favored in a significant
way, i.e. γ � 1 can produce a wealth distribution with less
inequality and a Gini coefficient lower than 1.
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21. J.R. Iglesias, S. Gonçalves, S. Pianegonda, J.L. Vega, G.
Abramson, Physica A 327, 12 (2003)
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