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Abstract

We study the interactions between two negatively charged macroscopic surfaces con�ning pos-
itive counterions. A density-functional approach is introduced which, besides the usual mean-�eld
interactions, takes into account the correlations in the positions of counterions. The excess free
energy is derived in the framework of the Debye–H�uckel theory of the one-component plasma,
with the homogeneous density replaced by a weighted density. The minimization of the total
free energy yields the density pro�le of the microions. The pressure is calculated and compared
with the simulations and the results derived from integral equations theories. We �nd that the in-
teraction between the two plates becomes attractive when their separation distance is su�ciently
small and the surface charge density is larger than a threshold value. c© 1999 Elsevier Science
B.V. All rights reserved.

1. Introduction

Solutions containing macromolecules are ubiquitous in the everyday life. From food
colloids to the DNA, we are surrounded by these giant molecules which directly or in-
directly govern every aspect of our lives. In many cases, the macromolecules in solution
posses a net charge. The electrostatic repulsion between the polyions is, often, essential
to stabilize colloidal suspensions. In the biological realm, electrostatics is responsible
for the condensation of the DNA and the formation of actin bundles, while various
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physiological mechanisms depend on electrostatic interactions between the proteins and
the ions. In spite of their ubiquity, our understanding of polyelectrolyte solutions is far
from complete.
The e�ort to fathom the role of electrostatics as it applies to the colloidal suspensions

goes back over half a century to the classic works of Derjaguin and Landau [1] and of
Verwey and Overbeek (DLVO) [2]. These in turn were based on the pioneering studies
of Gouy [3] and Chapman [4] of double layers in metal electrodes. Following these
early contributions, a large e�ort has been devoted to solve the Poisson–Boltzmann
(PB) equation in various geometries. The mean-�eld treatment, based on the solution of
the PB equation, suggests that the interaction between two equally charged macroions in
a suspension containing counterions is always repulsive [5,6]. In recent years, however,
this dogma began to be questioned based on simulations [7], analytical calculations
[8–18] and experiments [19–22] which indicated that for small distances and large
charge densities, two like-charged polyions might actually attract!
The fundamental goal of this paper is to demonstrate that this attraction is linked to

the correlations between the microions omitted in the mean-�eld theories, and to estab-
lish the conditions under which the attraction becomes possible. We shall consider
the interaction between two in�nite uniformly charged plates con�ning their own
point-like counterions. The mean-�eld approximation for this system is obtained by
solving the PB equation which, due to the planar symmetry, can be done analytically.
Once the density pro�le is obtained, all other thermodynamic quantities can be easily
derived. Thus, it is not di�cult to demonstrate that the pressure at the mean-�eld level,
in units of energy, is simply the density of counterions at the mid-plane between the
plates. Since this is always positive, no attraction is possible within the mean-�eld
theory.
The realization that the correlations between the counterions can strongly modify

the mean-�eld predictions goes back a number of years. One of the �rst approaches
proposed by Kjellander and Mar�celja [8,9] was to include the correlations through the
numerical solution of the anisotropic hypernetted chain equation (AHNC). These au-
thors found that the force per unit area (pressure) can become negative in the presence
of divalent counterions. Monte Carlo (MC) simulations performed by Guldbrand et al.
[7] also indicate that as the surface charge density is increased, the pressure decreases
if the distance between the charged surfaces is su�ciently small. As in the case of the
AHNC calculations, attraction was found only in the presence of divalent counterions.
These authors, however, did not analyze the case of very high charge density and short
distance between the plates. In addition, since in the above calculations it is di�cult to
separate the di�erent physical contributions to the pressure, the mechanism that drives
the attraction remains unclear.
A di�erent theoretical approach which attempted to shed some light on the mecha-

nism of attraction was advanced by Stevens and Robbins [13]. These authors proposed
a density-functional theory similar to the one often employed in the studies of simple
liquids. This approach introduces a grand-potential free energy, 
[�(r)], which is a
functional of the non-uniform density of counterions �(r). The equilibrium properties
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of the system are obtained through the minimization of the total free energy. The
practical problem with this method is that the exact form of the functional is not
known. When the correlations between the microions are omitted, the minimization of
the grand potential, 
PB, becomes trivial and leads to the usual PB equation [6]. In
order to account for the correlations between the counterions, Stevens and Robbins [13]
appealed to the local density approximation (LDA) [23–25]. Within this approach an
additional contribution, fLDA, is added to the mean-�eld expression, 
PB. The expres-
sion for fLDA adopted by Stevens and Robbins was obtained through the extrapolation
of the MC data for the homogeneous one-component plasma (OCP) [26], but with the
homogeneous density replaced by an inhomogeneous density pro�le. The minimization
of the free-energy functional allowed them to determine the density pro�le, �(r), and
the pressure, POCP. The LDA, however, is not without its own problems. The major
drawback of this approach is that, for short distances and high charge densities, the
LDA is unstable. The reason for the instability is due to the fact that, as the density
of counterions in the vicinity of the plates increases, the chemical potential decreases,
what attracts more particles to the region. This, in turn, leads to an unphysical “chain
reaction” where all the counterions condense onto the plates. Clearly, when the distance
between the counterions becomes smaller than some threshold value, scorr, the LDA
ceases to be a reliable approximation [13,27,29].
An improvement over the LDA is, the so-called, Weighted Density Approximation

(WDA) [23–25,27,28]. In this case, the excess free energy is taken to be a function
of an average density, �w(r) =

∫
d3r′w(|r− r′|)�(r′), averaged over a region of radius

s = scorr, where the interactions between the counterions are the strongest [24,25].
The di�culty in the practical implementation of this scheme is the determination of a
proper weight function. The simplest possible form for w(|r−r′|), used by Stevens and
Robbins [13,29], was to assume that this function has a long-range variation comparable
to the wall separation [30]. In this case, the weighted density �w(r) is approximated
by the homogeneous density independent of r. However, when the walls are not close,
L¿scorr, the weighted function is no longer uniform and the approximation adopted
by Stevens and Robbins becomes unrealistic.
A beautiful explanation of the attraction between like-charged plates has been re-

cently advanced by Rouzina and Bloom�eld [14–16]. These authors present a picture of
attraction as arising from the ground-state con�guration of the counterions. Clearly, at
zero temperature, the counterions will recondense onto the surface of the plates forming
two intercalating Wigner crystals. The authors advance a hypothesis that even at �nite
temperatures, relevant to the common experimental conditions, the attraction is still
governed by the zero-temperature correlations. Somewhat di�erent formulations based
on �eld-theoretic methodology have also been proposed. In these approximations the
attraction arises as a result of correlated uctuations in the counterion charge densities
[10,17,18]. Although providing a nice qualitative explanation of the origin of the attrac-
tion, these simple theories fail to yield a quantitative agreement with the simulations.
In this paper we propose a di�erent form of the weighted-density approach, which

recti�es the problems of the earlier theories while still remaining numerically tractable.
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The excess free energy and the weight function, w(|r − r′|), are derived from the
Debye–H�uckel–Hole (DHH) theory of the OCP [31]. The density pro�le is determined
by minimizing the free-energy density with respect to the local density. Once the
density pro�le is obtained, the free energy of the system is calculated by inserting
it into the expression for the free-energy functional. Given the free energy, all the
thermodynamic properties of the system can be easily calculated. A careful analysis
of the behavior of the pressure as a function of the charge density and the distance
between the plates allows us to explore the nature and the origin of the attraction.
The remainder of the paper is organized as follows. The model and the PB approx-

imation for the density-functional approach are described in Section 2. The WDA is
introduced and applied in Section 3. Our results and conclusions are summarized in
Section 4.

2. The Poisson–Boltzmann approach

We consider two large, charged, thin surfaces each of areaA, separated by a distance
L (see Fig. 1). The two plates with a negative surface charge density, −�, con�ne
positive point-like monovalent counterions with charge e. The overall charge neutrality
of the system is guaranteed by the constraint∫ L=2

−L=2
dz �(z) =

2�
e
; (1)

where �(z) is the local number density of counterions and z is the Cartesian coordinate
perpendicular to the plates. The space between the plates is assumed to be a dielectric
continuum of constant �. In order to explore the thermodynamic properties of the

Fig. 1. Two in�nite, negatively charged thin plates, with surface charge density −� separated by distance L.
The counterions are con�ned to the region between the plates. The solvent is modeled as a uniform medium
of dielectric constant �.
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system, we use a density-functional approach. The grand potential of the system is


[�] ≡ F[�]− �N ; (2)

where N is the total number of counterions, � is their chemical potential and the
functional F is derived from the free-energy density of the homogeneous system, with
the uniform density of counterions, �c=N=LA, replaced by the local density �(z). For
dilute systems, the ionic correlations can be neglected and the Helmholtz free energy
functional and the grand-potential functional per unit area are given, respectively, by

�F[�]
A

=
∫ L=2

−L=2
dz �(z){ln [�3�(z)]− 1}+ �

2

∫ L=2

−L=2
dz �(z)[e�(z) + q(z)]

(3)

and by

�
[�]
A

=
�F[�]
A

− ��
∫ L=2

−L=2
dz �(z) ; (4)

where the electrostatic potential,

�(r) =
∫
d3r′

e�(r′) + q(r′)
�|r − r′| ; (5)

due to the symmetry of the problem, depends only on the z coordinate. � is the de
Broglie thermal wavelength of the counterions, �=1=kBT and q(z) =−�[�(z− L=2)+
�(z+ L=2)] is the surface charge density of the plates. The functional minimization of
this expression,

1
A

��

��(z)

= 0 ; (6)

produces the optimum density pro�le,

�(z) = �0 exp[− �e�(z)] : (7)

The constant �0 is determined from the overall charge-neutrality condition, Eq. (1),

�0 ≡ 2�

e
∫ L=2
−L=2 dz exp[− �e�(z)]

: (8)

The electrostatic potential is obtained by solving the Poisson equation,

d2�(z)
dz2

=−4�
�
[e�(z) + q(z)] (9)

with the distribution of free ions given by Eq. (7). We �nd

�(z) =
1
�e
ln
[
cos2

(
z − z0
�

)]
− �0 ; (10)

where �0 is the reference potential, which we will set to zero. Here � = 1=
√
2��B�0

and �B = �e2=� is the Bjerrum length. Eq. (9) has to obey two boundary conditions,
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namely,

E(z = 0) = 0 ;

E
(
z =±L

2

)
=±4��

�
: (11)

From the �rst equation, the electric �eld vanishes at the mid-plane and, therefore,
z0 = 0. The second equation imposes the discontinuity of the electric �eld on both
charged surfaces, leading to

1
�
tan
(
L
2�

)
=
2���B
e

: (12)

The potential at a point z is, then, given by

�(z) =
1
�e
ln
[
cos2

( z
�

)]
(13)

with � the root of Eq. (12). The optimum density pro�le derived from this potential,

�(z) =
�0

cos2(z=�)
; (14)

can now be substituted into the free-energy functional, allowing the calculation of
the total free energy. The thermodynamic properties of the system can be determined
from a suitable di�erentiation of the total free energy. For example, the force between
the two plates is given by the minus derivative of the free energy with respect to
the separation L between the two surfaces. This di�erentiation leads to a particularly
simple expression for the force per unit of area (or pressure),

�P = �0 : (15)

We note that although it might be tempting to attribute this simple result to the contact
theorem, this is not the case, since the conditions under which this theorem holds are
violated in the present geometry; Eq. (15) is purely a mean-�eld result.

3. The weighted-density approximation

For dense systems, the correlations between the microions become relevant. For in-
stance, if a counterion is present at position r, due to electrostatic repulsion,
the probability that another counterion is located in its vicinity is drastically reduced.
The correlations in the positions of the counterions reduce the mean-�eld estimate of the
electrostatic free energy. No exact method exists for calculating this excess contribution.
The simplest approximation, the LDA, consists of adding to the Eq. (4) a local
functional,

fLDA =
∫ L=2

−L=2
dz �(z)fcorr[�(z)] ; (16)

where fcorr[�(z)] is the correlational free energy per particle. Within the LDA one nor-
mally uses the expression derived for the homogeneous system, in which the uniform
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density �c is replaced by the local density pro�le �(r). Unfortunately, as mentioned
above, the LDA is unstable when the one-particle density �(r) is a rapidly varying
function of the position. For example, for high surface charge densities, the mini-
mization of the grand potential has no solution [27]. To circumvent this and related
problems intrinsic to the LDA, Tarazona [23] and Curtin and Ashcroft [24] proposed
a WDA, in which the free-energy density, fLDA, is replaced by

fWDA =
∫ L=2

−L=2
dz �(z)fcorr[�w(z)] : (17)

The fundamental di�erence between the LDA and the WDA is that the latter is assumed
to depend not on the local density �(r), but on some average density within the
neighborhood of the point r,

�w(r) =
∫
d3r′w[|r − r′|; �(r)]�(r′) : (18)

This provides a control mechanism which prevents an unphysical, singular, buildup of
concentration at one point. The grand potential is obtained by adding the excess free
energy per area, given by Eq. (17), to Eq. (4):

�
[�]
A

=
∫ L=2

−L=2
dz �(z){ln [�3�(z)]− 1}+ �

2

∫ L=2

−L=2
dz �(z)[e�(z) + q(z)]

+�
∫ L=2

−L=2
dz �(z)fcorr[�w(z)]− ��

∫ L=2

−L=2
dz �(z) : (19)

Minimization of this expression leads to the optimum particle number density

�(z) = �0 exp[− �e�(z)− ��ex(z)] ; (20)

where the excess chemical potential derived from fWDA, Eq. (17), is

�ex(z) =
�fWDA
��(z)

= fcorr[�w(z)] +
∫ L=2

−L=2
dz′�(z′)

�fcorr[�w(z′)]
��(z)

(21)

and the normalization coe�cient is

�0 ≡ 2�

e
∫ L=2
−L=2 dz exp[− �e�(z)− ��ex(z)]

: (22)

The electrostatic potential satis�es the Poisson equation, Eq. (9), with the charge density
given by the Eq. (20). Integrating the Poisson equation over a rectangular shell of area
A and width z, and appealing to the Gauss’ theorem, an integro-di�erential equation
for the electric �eld E(z) can be obtained

E( �z) = 4� ��
∫ �z
0 d �z

′ exp[− ��ex( �z
′) +

∫ �z ′
0 d �z ′′E( �z ′′)]∫ �L=2

0 d �z ′exp[− ��ex( �z ′) +
∫ �z′
0 d �z ′′E( �z ′′)]

; (23)

where E ≡ e��BE, �� ≡ ��2B=e, �z ≡ z=�B, �L ≡ L=�B and ��ex ≡ ��ex. The local density
�(z), which enters the calculation of the excess chemical potential, Eq. (21), can be
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obtained from the derivative of the electric �eld, since ∇ · E(r) = 4�e�(r)=�. Eq. (23)
explicitly ful�lls the two boundary conditions: E(0) = 0 and E(± �L=2) =±4� ��.
The solution of this equation depends on the speci�c form of the excess free-energy

density and the weight function w(|r− r′|). For the homogeneous OCP the electrostatic
free energy can be easily obtained using the DHH theory of Nordholm [31]. This
is a simple linear theory based on the ideas of Debye and H�uckel. The electrostatic
potential of the OCP is assumed to satisfy a linearized PB equation. As a correction
for the linearization, Nordholm postulated the existence of an excluded-volume region
of size scorr, from which all other ions are excluded. The size of this region is such
that the electrostatic repulsion between two counterions is comparable to the thermal
energy. Recent calculations using a generalized Debye–H�uckel theory indicate that this
exclusion region is responsible for the oscillations observed in the structure factor of
the OCP at high couplings [32]. Following Nordholm, we �nd

scorr =
1
�D
(1 + 3�B�D)1=3 − 1

�D
; (24)

where �D =
√
4��B�c is the inverse of the Debye length. The excess free energy per

particle is calculated to be [33]

�fOCP =
1
4

[
1 +

2�
3
√
3
+ ln

(
!2 + !+ 1

3

)
− !2 − 2√

3
tan−1

(
2!+ 1√

3

)]
;

(25)

where ! = (1 + 3�B�D)1=3. The correlational free energy per particle for the WDA,
fcorr, which appears in (21), is obtained by replacing �c by �w(z) in expression (25),
that is, fcorr[�w(z)] = fOCP[�c → �w(z)].
To obtain the weighted function [23,24] we require that the second functional deriva-

tive of the free energy F in the limit of homogeneous densities,

�2�F
��(r)��(r′)

=
�3(r − r′)
�(r)

+ w(|r − r′|)���ex(r)
��(r′)

+
�B

|r − r′| ; (26)

produces the direct correlation function C2(r) of the homogeneous system,

�2�F
��(r)��(r′)

=
�B

|r − r′| − C2(r − r
′) : (27)

Following Groot [27], we �nd that a reasonable approximation for the weight function
is

w(r) = w(|r|) = 3
2�s2corr

(
1
r
− 1
scorr

)
�(scorr − r) ; (28)

where �(x) is the Heaviside step function. It is important to remember that the ra-
dius of the excluded-volume region, scorr, is now a function of the position, since the
average density �c, which appears in Eq. (24), is replaced by �(z), the local density
of counterions, see Eq. (18). Taking advantage of the planar symmetry of the system,
the expression for the weighted density can be written explicitly as a one-dimensional
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quadrature,

�w(z) =
3
s2corr

∫ L=2

−L=2
dz′�(z′)

∫ ∞

0
d% %

(
1√

%2 + (z − z′)2 −
1
scorr

)

×�(scorr −
√
%2 + (z − z′)2)

=
3
s2corr

∫ z¿

z¡
dz′�(z′)

∫ √
s2corr−(z−z′)2

0
d% %

(
1√

%2 + (z − z′)2 −
1
scorr

)

=
3

2s3corr

∫ z¿

z¡
dz′�(|z′|)(scorr − |z − z′|)2 ; (29)

where z¡ ≡ max(−L=2; z − scorr), z¿ ≡ min(L=2; z + scorr) and scorr is a function of z
through �(z).

4. Results and conclusions

Once fcorr, �ex(z) and �w(z) are de�ned, the electric �eld and, consequently, the
optimum density pro�le can be determined from the numerical iteration of Eq. (23)
until convergence is obtained. The Helmholtz free energy, F , associated with the opti-
mum counterion distribution (20), is determined by substituting it into the free-energy
functional F,

�F
A
=
2�
e
[ln (�3�0)− 1]− �e

2

∫ L=2

−L=2
dz �(z)�(z)− ���

(
L
2

)

−
∫ L=2

−L=2
dz �(z){��ex(z)− �fcorr[�w(z)]} : (30)

Using this expression, the pressure, for di�erent distances between the plates, L, and
various charge densities, �, can be easily obtained through numerical di�erentiation,

P =− 1
A

@F
@L
; (31)

as shown in Fig. 2. When the charge density is below a threshold value, ��¡ ��c,
the dimensionless pressure, �3B�P, is always positive and a monotonically decreasing
function of �L. Above the critical surface charge density the pressure exhibits a dis-
tinct minimum. In particular, we �nd that for su�ciently high surface charge densities
the force between the two like-charged surfaces becomes negative, i.e. the two plates
attract!
In order to compare our results with other theories [8,9,13], we assumed that the

dielectric medium between the plates is water at room temperature and, consequently,
that the Bjerrum length is �B = 7:14 �A. The distance between the plates is �xed at
150 �A and the inverse of the surface charge density, � = e=�, is varied from 40 to
1000 �A

2
. Our results, illustrated in Fig. 3, show that for small surface charge densities

the pressure decreases almost linearly with the inverse charge density, �. In this case,
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Fig. 2. The reduced osmotic pressure as a function of the plate separation for various surface charge densities
��=��2B=e: 1 (4), 5 ( ) and 7 (©). The solid line is the WDA and the dashed line is the PB approximation
for the same values of ��.

since Pcorr.PPB, the pressure is dominated by the PB behavior. However, when the
charge density becomes large, the slope of PWDA increases due to the strong repulsion
between the counterions.
We also compare our calculations with the simulations of Guldbrand et al. [7]. In

this case, the distance between the plates is �xed at 21 �A and the surface charge
density is varied from 0.01 C=m2 to 0.6 C=m2. As shown in Fig. 4, when the density
of counterions is small, PWDA does not di�er signi�cantly from PPB. As the surface
charge density is increased, the correlations among the counterions become relevant
and PWDA changes its slope and begins to decrease. Our results are in good agreement
with the simulations, which also indicate that for a separation of 21 �A the pressure
exhibits a region where it decreases with increase in the surface charge density [7].
Even though our calculations were performed for monovalent counterions, the result

can be extended directly to a systems containing ions of arbitrary valence z. To show
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Fig. 3. Variation of �P with �= e=� for L=150 �A: from PB (dashed), WDA (solid) and AHNC (•) from
Refs. [8,9].

this we observe that there are three independent lengths, �B; L and
√
�, from which

we can construct two independent reduced energy scales. The electrostatic free energy
per unit area can be expressed as

�Fel

A
=
1
�
G
(
z2�B
L
;
z2L�B
�

)
: (32)

Using the expression above all the thermodynamics quantities can be easily derived.
For example, the pressure is given by

�p=
2
�L

+
1
�

(
z2�B
L2

Gx(x; y)− z2�B
�
Gy(x; y)

)
; (33)

where Gx = @G(x; y)=@x and Gy = @G(x; y)=@y.
Eq. (33) allows us to obtain the pressure for a general multivalent system with-

out having to do any additional calculations. We stress that the scaling equation (32)
is exact, and is not a result of any speci�c approximation. In particular, combining
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Fig. 4. The osmotic pressure as a function of the surface charge density, when the distance between the
plates is �xed at L = 21 �A, from PB (dashed) and WDA (solid). The squares ( ) are the data from Ref.
[7].

Eq. (32) with the information presented in Fig. 2, we conclude that for a general mul-
tivalent system the attraction is possible if and only if �¿z4�2B=5. Furthermore, the
range of attraction is approximately L� ≈ z2�B=10. In an aqueous solution �B ≈ 7 �A,
which implies that the range of attraction is smaller than the size of an ion! Presence
of multivalent ions can considerably extend the range of attraction. Furthermore, many
organic solvents have dielectric constants signi�cantly lower than that of water. In his
study of ionic criticality Pitzer used organic solvents with the dielectric constants 20
times lower than that of water [34]. In this condition we might expect to observe at-
traction even with monovalent counterions. Some caution, however, must be taken in
applying the scaling argument presented above. As it stands, the argument neglects the
�nite size of the counterions as well as the discrete nature of the surface charge dis-
tribution. This additional length scales will brake the charge renormalization symmetry
of Eq. (32). Based on general arguments, it seems likely that when the discrete nature
of the charge distribution is taken into account the attraction will be possible only for
multivalent counterions, in any kind of solvent [16].
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