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ABSTRACT
The relation between wetting properties and geometric parameters of fractal surfaces are widely discussed on the literature and, however,
there are still divergences on this topic. Here we propose a simple theoretical model to describe the wetting properties of a droplet of water
placed on a hierarchical structured surface and test the predictions of the model and the dependence of the droplet wetting state on the initial
conditions using simulation of the 3-spin Potts model. We show that increasing the auto-similarity level of the hierarchy – called n – does not
affect considerably the stable wetting state of the droplet but increases its contact angle. Simulations also explicit the existence of metastable
states on this type of surfaces and shows that, when n increases, the metastability becomes more pronounced. Finally we show that the fractal
dimension of the surface is not a good predictor of the contact angle of the droplet.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0146948

I. INTRODUCTION

When a droplet is placed on a solid surface, it displays dif-
ferent final configurations that depend on several factors such as
droplet volume, composition, surface chemistry and surface geome-
try.1 Hydrophobic surfaces are typically associated with the Cassie-
Baxter2 (CB) state, in which we observe air pockets trapped under-
neath the droplet, with high contact angles between droplet and
surface while hydrophilic surfaces are associated with the Wen-
zel3 (WE) state, characterized by the homogeneous wetting of the
surface, and lower values of contact angle.

Surfaces with contact angles θc > 150○ and small contact angle
hysteresis are said to be superhydrophobic and have been intensely
studied due to their many technological applications such as
self-cleaning surfaces4,5 and water purification.6–9 In nature there
are several biological materials presenting these properties.4,10–12

These material often have a dual-scale topography which leads
to the idea that hierarchical structures are the key to achieve
superhydrophobicity.

Many experimental, theoretical and computational studies
were made on this field in order to establish a relationship between

the structure and the wetting properties. Onda et al.13 proposed a
theoretical model of wetting in fractal surfaces in which the con-
tact angle of the droplet has a power law dependency on the fractal
dimension of the substrate. They also performed experiments on
alkyl ketene dimer fractal and flat surfaces and showed that the
fractality enhances the wetting properties of the flat surface. A sub-
sequent study by Shibuichi et al. on aluminum surfaces treated
with several hydrophobic surfaces coupling agent also reach the
same conclusion.14 Synytska et al.15 performed simulations and
experiments of different polar and no-polar liquids on fractal sur-
faces made of polymer- or silene - coated “core–shell” particles
and found that their results deviate from the predictions made by
Onda and Shibuichi. They hypothesize that the origin of this devia-
tion could be associated with the appearance of metastable states of
the droplet.

Using molecular dynamics simulations of liquid droplets in
contact with self-affine fractal surfaces, Yang et al.16 showed that
the contact angle of the droplets are strongly dependent on the
surface roughness but nearly independent of the fractal dimen-
sion. Further theoretical and experimental work reach the same
conclusion.17
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On the other hand, Gao et al.18 fabricated several fractal hier-
archical materials and found a clear dependence of the contact
angle on the fractal dimension. Further studies on polyethylene
terephthalate surfaces treated with cold oxygen plasma19 concludes
that the fractal dimension could be the most important predictor to
predict surface properties.

The examples above illustrate that, despite all work developed
about fractal surfaces, the dependence of the wetting properties on
the geometric parameters and the fractal dimension are still not
clear. In this work, we study theoretically and numerically the wet-
ting properties of a particular model of fractal surfaces, namely a
hierarchically structured surface. From the theoretical point of view,
the surface can have infinite similarity levels n. We assume a 3D
spherical droplet which can be in two different wetting states when
placed on this surface: one that homogeneously wets the surface and
is referred to as Wenzel state, and another that retains air below the
droplet, called a Fakir Cassie-Baxter state. Due to the hierarchy of
the surface, we are able to compute the energy of both wetting states
in any level n. Applying a minimization procedure, we predict the
most probable wetting state and the contact angle of the droplet in
any n. To test the models predictions and the dependence of these
states on the initial wetting condition of the droplet, we employ
Monte Carlo simulations of the three states Potts model. Finally we
discuss our results in terms of the fractal dimension obtained for
our surfaces.

This manuscript goes as follow. First, in Sec. II we introduce
our theoretical model and discuss the predictions of the model. In
Sec. III we present details on the 3 spin Potts model used in this work
and in Sec. IV we show and discuss our results. Finally in Sec. V we
summarize our conclusions.

II. THEORETICAL CONTINUOUS MODEL
In this section, we develop a theoretical model to determine

the wetting state and the contact angle of a water droplet placed on
top of the fractal surface. The model takes into account the global
energy to create interfaces as used in several works1,20–23 and then
we apply a minimization process to define the lowest energy wetting
state first proposed by Fernandes et.al.24 and also applied in other
studies.9,25,26

For this purpose, we assume that a droplet with fixed volume
V0 = 4/3πR3

0 can be found in two distinct wetting states, one called
Wenzel (W) and characterized by the homogeneous wetting of the
surface and one called Cassie-Baxter (CB) with air pockets trapped
underneath the droplet. The Wenzel and Cassie-Baxter states are
associated with hydrophilic and hydrophobic behavior respectively.

The energetic cost associated with each of these states is given
by Es

tot = ΔEs
+ Es

g , where superscript s represents the wetting state
(CB or W) and Eg is the gravitational energy. ΔEs is the difference
in the interfacial energy between every pair formed from different
phases (liquid, solid, and gas) after the droplet is placed on the sur-
face in state s and the energy of the surface without the droplet.
The importance of gravitational energy depends on the droplet’s
size and its composition. In this work, we consider droplets with
small volumes such that gravitational energy is negligible compared
to ΔEs.

The interfacial term ΔEs depends on the geometry of the sub-
strate. In this work we explore a spherical droplet placed on a pillared
fractal surface in several levels of auto-similarity, as exemplified in
Fig. 1. Each level is defined by a pillar height hn, an interpillar dis-
tance an, and pillar width wn, where the subscript n stands for the
auto-similarity level. For n > 1, we also define a quantity m that
represents the linear number of pillar in the n-th level,

mn =
wn−1

dn
, (1)

where dn = an + wn, and the total number of new smaller pillars gen-
erated above the “n − 1”-pillar level is m2

n. Figure 1 shows an example
for m = 2 and define the geometric parameters. The droplet is sup-
posed to have a spherical cap with volume V0, radius R, height H,
base radius B and it touches the fractal pillared surface with a contact
angle θc.

Our equations and results are represented in terms of the
aspect ratio An = hn/wn and the local solid fraction ϕn = w2

n/d2
n. An

can assume any positive real value and ϕn assume values between
0 and 1.

The interfacial energy equations for pillared fractal substrate in
the nth auto-similarity level is given by

ΔECB
n = σLG[SCB

CAP + πB2
CB(1 −

n

∏
i=1

ϕi(1 + cos θY))], (2)

ΔEW
n = σLG[SW

CAP − πB2
W(1 + Sn) cos θY], (3)

where Sn = 4[∑n
i=1(∏

i
j=1 ϕ j)Ai −∑

n−1
i=1 (∏

i
j=1ϕ j)Ai

hi+1
hi
]. For all

equations above Ss
CAP = 2πRs

2
[1 − cos (θs

c)] is the surface area of
the spherical cap, Bs = Rs sin (θs

c) is the droplet base radius and θs
c is

the contact angle of the droplet in the state s. The solid–gas surface
tension, σGL, and the Young’s contact angle, θY are chosen to be in
agreement with experiments with water on poly-(dimethylsiloxane)
(PDMS) surface:21 σGL = 70 mN/m and θY = 114○.

FIG. 1. Lateral view of the pillared fractal surface for different levels of auto-similarity n and definition of the geometric parameters. This representation is for m = 2.
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In this work we focus on the special case were A1 = A2 = ⋅ ⋅ ⋅

= A, ϕ1 = ϕ2 = ⋅ ⋅ ⋅ = ϕ, m2 = m3 = ⋅ ⋅ ⋅ = m, and the surface is
so-called a self-similar surface. In this particular case Eqs. (2) and
(3) can be simplified as

ΔECB
n = σLG[SCB

CAP + πB2
CB(1 − ϕn

(1 + cos θY))], (4)

ΔEW
n = σLG[SW

CAP − πB2
W(1 + Sn) cos θY], (5)

where

Sn = 4 A[(∑
n
i=1ϕi
) −

√
ϕ

m ∑
n
i=2ϕi−1

]. (6)

A. Model predictions
We now discuss two predictions of the model described by

Eq. (4). The first one is the identification of the favorable wetting
state from the thermodynamic point of view for these surfaces. To do
so we find the global minimum energy state of Eqs. (4) and (5). This
energy minimization process was introduced in Ref. 24 and goes as
follow: first, we fix the surface parameters [A, ϕ, m, n and h1 (see
supplementary material)] and the volume V0 =

4
3 πR3

0 of the droplet.
Next, we solve a cubic equation to obtain the radius of the droplet,
Rs, for each state, CB or W; and finally, we vary the contact angle
θs

c ∈ [0, 180○) and use Eq. (4) to obtain ΔECB and Eq. (5) for ΔEW.
This process finds the global minimum energy for CB and W states
(respectively, ΔECB

min and ΔEW
min) and defines the thermodynamic

wetting state, the one with the lowest ΔEmin.
This minimization process is employed in order to build a

theoretical wetting diagram for the fractal surface in different auto-
similarity levels as a function of A, ϕ, R0 and m. Figure 2 shows this
diagrams for fixed parameters m = 3, R0 →∞, n = 1 and 3, and we
screen over A ∈ (0, 10] and ϕ ∈ (0, 1].

Figure (2) shows the theoretical wetting diagram as a function
of A and ϕ. Figure 2(a) is the diagram at the level n = 1 and Fig. 2(b)
at the level n = 3. These figures indicate a non trivial dependence
of the most favorable wetting state on the geometric parameters of
the surface: small ϕ and A favors the W state. When A increases,
CB becomes the most favorable wetting state, which is in agreement
with other works.27,28 Color-code represents the value of the contact
angle θc. One observes that θc presents higher values in the CB region
compared to W region, in particular close to the transition line –
shown in a solid black line. Comparing the diagram for the case
n = 1, Fig. 2(a), with n = 3, Fig. 2(b), one observes that the transition
line does not change drastically when increasing the auto-similarity
level n. In other words, if the favorable wetting state is W, for n = 1,
increasing the auto-similarity level does not change the favorable
state. On the other hand, increasing n leads to CB states with higher
values of contact angle, i.e., the surface becomes more hydropho-
bic. We studied the dependence on the droplet size R0 (shown in
the supplementary material) and identified that these observations
remains the same for all values of R0.

We now evaluate how the energy of the wetting states CB
and W changes when the auto-similarity level n increases and in
which cases the increase in the energy level favors the CB or the
W state. Considering droplets with R→∞ (physically it means that
the radius of the droplet is much bigger than the typical sizes of the

FIG. 2. Wetting diagram for R →∞, m = 3, (a) n = 1 and (b) n = 3. Colors rep-
resent the contact angle and the solid line marks the transition from the W state to
the CB state.

substrate textures) one can rewrite the energy of the droplet in a
given auto-similarity level n + 1 as a function of the previous level
n. Let us first evaluate the CB case, Eq. (4):

ΔECB
n+1 = ΔECB

n + σLGπB2
(1 − ϕ)(1 −MCB

),

MCB
= 1 − ϕn

(1 + cos θY).
(7)

Note that ΔECB
n+1 > ΔECB

n when (1 − ϕ)(1 −MCB
) > 0 and smaller

otherwise.
Since 0 ≤ ϕ ≤ 1, the term (1 − ϕ) in Eq. (7) is positive or zero in

the case ϕ = 1. For the latter case, no dependence of ΔECB is expected
when changing the level n. Also, for hydrophobic surfaces consid-
ered in this work, one has −1 < cos(θY) < 0, which implies that
0 <MCB

< 1 and leads to (1 −MCB
) > 0. Furthermore, it is interest-

ing to note that as n increases, ϕn
→ 0 and then MCB

→ 1. Therefore,
the energy associated with the wetting state CB increases with the
auto-similarity level n, ECB

n+1 > ΔECB
n , until it reaches a plateau.

In the case of the W state, the interfacial energy in the (n + 1)
level can be written as

ΔEW
n+1 = ΔEW

n − 4σLGπB2MW cos θY ,

MW
= Aϕn

[1 − ϕ
√

ϕ
m
],

(8)
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thus, for hidrophobic surfaces, where θY > 90○, since the 0 ≤ ϕ ≤ 1,
A > 0 and m ≥ 1, ΔEW

n+1 > ΔEW
n for any ϕ and m. Also, similar to the

CB case, as n increases MW
→ 0, for ϕ ≠ 1, and the energy associated

with the W state goes to a plateau.
These results lead to an interesting conclusion: if a droplet is

found, for instance, on the W state on the n-th level, a transition for
the CB state on the level n + 1 will occur only if the energy associated
with the W state grows faster with n than the energy for CB. The rates
at which each one of these energies grows depends on the geomet-
ric parameters of the surface. A schematic figure of all the possible
outcomes predicted are shown in Fig. 3(a). Case 1 and 2 presents
no transition between the states when level n changes, while cases 3
and 4 represents geometries where the droplet changes its wetting
state as a function of n: for example in the case 3 the thermodynamic
favorable state is W for n < nT and CB when n > nT .

Figure 3(b) is referred to as transitional diagram and it shows
all the combinations of A and ϕ where there is a transition from
one wetting state to the other at a given nT . The color represents
the value of nT where this transition occurs. This transition as the
auto-similarly level increases only occurs in a small region of the
A × ϕ diagram and it is restricted to the vicinity of the wetting phase
transition for n = 1. This leads to the conclusion that increasing
the auto-similarity level does not propitiate a change in the wetting
behavior of the surface [cases 1 and 2 shown in Fig. 3(a)] except near
the transition line where ECB

n ≈ EW
n [cases 3 and 4 in Fig. 3(a)].

All together, our theoretical model indicates an increase of θc
when the similarity level n increases, as shown in Fig. (2). This obser-
vation is in line with the enhancement of the hydrophobic behavior
in fractal structures reported in several studies.14,18,19 Our results also
support that a change in the wetting behavior of the surface when the
auto-similarity level increases only happens in a narrow region close
to the transition line, as shown in Fig. 3(b).

One limitation of this method, however, is that it is not able
to capture metastable states. Metastability in wetting is a well know
phenomena1 and has been reported in several studies.24,26,29 This
may be the reason why some authors report a change in the wetting
behavior when increasing fractality.13,14,30 In some experiments the
metastability is manifested through the dependence of the final wet-
ting state on the droplet’s initial condition.1,31 To test this condition
we implement Monte Carlo (MC) cellular Potts model as explained
in Sec. III.

III. SIMULATIONS: 3-SPINS CELLULAR POTTS MODEL
Monte Carlo simulations (MC) of the cellular Potts model

are widely used to study wetting phenomena in textured
surface.9,23,24,32,33 This method allows us to simulate bigger droplet
sizes compared to other numerical approaches used to explore
hydrophobic surfaces, such as molecular dynamics (MD),34,35 lattice
Boltzmann methods20,36 and the surface evolver,37–39 thus, it is ideal
for treating mesoscopic systems and, therefore, more appropriate for
comparison with experimental results.

The idea of the model is that both the tree dimensional droplet
and the surface are divided in cubes with lateral size p. To each cube
is associate a state si that represents one of the components of the
system: gas, water or solid. The Hamiltonian is then given by

H =
1
2∑⟨i,j⟩

Esi ,sj(1 − δsi ,sj) + α(∑iδsi ,1 − VT)
2
+ g∑

i
mihiδsi ,1, (9)

where the spin si ∈ {0, 1, 2} represent gas, water and solid states,
respectively.

The first term in Eq. (9) represents the energy related to the
presence of interfaces between sites of different types. The summa-
tion ranges over pairs of neighbors, which comprise the 3D Moore
neighborhood in the simple cubic lattice (26 sites, excluding the cen-
tral one), Esi ,s j are the interaction energies of sites si and sj of different
states at interfaces, and δsi ,s j is the Kronecker delta.

In the second term in Eq. (9), VT is the target volume, the sum-
mation is the instantaneous droplet volume and the parameter α
mimics the compressibility of the liquid. Thus, this term maintains
the droplet volume constant during the simulation. The last term
is the gravitational energy, where g = 10 m/s2 is the acceleration of
gravity and mi is the mass of the site. In both the volumetric and
gravitational terms, only sites with si = 1 contribute.

The parameters for the Hamiltonian in Eq. (9) were based on
those used in experiments with water on poly-(dimethylsiloxane)
(PDMS) surface:21 σGL = 70 mN/m, σSG = 25 mN/m and the
solid–liquid surface tensions were obtained from Young’s relation
σGL cos(θY) = σSG − σSL, where θY is the contact angle on a smooth
surface and assumes the values θ = 114○. These values are divided
by 26, which is the number of neighbors that contributes to the
first summation of our Hamiltonian. The length scale of our sim-
ulation is such that one lattice spacing corresponds to pμm, where

FIG. 3. (a) Schematic of all outcomes predict by the theory for R →∞ (b) Transitional diagram. Color represents the auto-similarity level nT where a transition occurs from
the original wetting state for n = 1.
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FIG. 4. Schematic representation of the simulations initial condition.: (a) CB0 and
(b) W0.

p = 0.20, therefore, the interfacial interaction energies are given by
Esi ,s j = Aσsis j/26, with A = p2μm2. This choice results in the follow-
ing values for the interfacial energies: E0,1 = p22.70 × 10−9 μJ, E0,2
= p20.96 × 10−9 μJ, E1,2 = p21.93 × 10−9 μJ. The mass of water exis-
tent in a unit cube is mw = 10−15 kg and α = 0.01 × 10−9 μJ/(μm)6.

The total run of a simulation is 1 × 106 Monte Carlo steps
(MCS), from which the last third are used to measure observ-
ables of interest. Each MCS is composed of V number of trial spin
flips, where V is the number of water sites. A spin flip is accepted
with probability min{1, exp(−βΔH)}, where β = 1/T. In the cellular
Potts model, T acts as noise to allow the phase space to be explored.
In our simulations, a value of T = 13 was used, which allows an
acceptance rate of ∼22%.

As mentioned previously, a relevant aspect of the wetting prob-
lem is the metastability of the wetting states. In these cases, even
though a given state is the lowest energy, the droplet does not reach
it and displays another state. The simulations allow us to study if
the final wetting state of the droplet depends on the initial state that
the droplet is placed on the substrate. To test this dependence, the
droplet is initialized in two different wetting regimes. One possi-
ble wetting initial state is exemplified in Fig. 4(a): it consists of a
spherical droplet with V ≈ V0 = 4/3πR3

0 placed on top of the pillars.
Because the droplet does not fill the surface, we refer to this as an
initial Cassie-Baxter state and call it CB0. The second initial state is
shown in Fig. 4(b) and corresponds to a hemisphere which wets the
substrate homogeneously and has the same initial volume V0. We
refer to it as an initial Wenzel state and identify it with W0.

Through this work, it is used R0 = 20 μm in a cubic box with
L = (400p) μm. The substrate was construct in a way that A1 = A2
= ⋅ ⋅ ⋅ = A, ϕ1 = ϕ2 = ⋅ ⋅ ⋅ = ϕ and m2 = m3 = ⋅ ⋅ ⋅ = m = 3. Due to the
discreteness of the lattice the values for A and ϕ for the final structure
are approximated. For more details see the supplementary material.

IV. RESULTS AND DISCUSSION
In this section, we discuss our simulations results for different

auto-similarity levels n, m = 3, A ∈ [0.5, 4.0] and ϕ ∈ [0.1, 0.6]. Due
to numeric resources limitations and the need to span a big range
of parameters and different hierarchical levels, we use a droplet of
initial radius R0 = 20 μm. Also, the highest level that we are able to
simulate is n = 3. First we compare our simulations with the theoret-
ical predictions discussed in Sec. II and then check the metastability
of the wetting states as a function of n.

According to Eqs. (6) and (8) for infinite droplet sizes both the
CB and W energies are expected to increase with n, as discussed
in Sec. II. Also, from the wetting diagram 2 we observed that in
the CB region the contact angle of the droplet increases with the
increase of the n. A similar diagram for R0 = 20 μm is shown in
the supplementary material and the same qualitative behavior is
observed.

Figure 5 shows a comparison between the theoretical predic-
tions for R0 = 20 μm (solid lines) and the simulation results (circles
and squares). We consider two points of the diagram to discuss
in more detail: one that is predicted to be in the W phase (A = 1,
ϕ = 0.2) and another in the CB phase (A = 1, ϕ = 0.5). Figure 5(b)
shows the energy of both states and their contact angle in Fig. 5(c)
as a function of n. Note that for the point A = 1, ϕ = 0.2, the the-
oretical energy of the CB state is bigger than the energy of the W
state, indicating that the W is the stable state for all values of n. It
corresponds to the case 1 – “always W” – sketched in Fig. (3). For
the case A = 1, ϕ = 0.5 the opposite behavior is observed: the energy
of the CB state is smaller for all n, corresponding to the situation
2 – “always CB” – sketched in Figu (3).

In regard to the energy, we observe a good qualitative agree-
ment with theoretical predictions, showing an increase of the energy
with the auto-similarity level n. An exception is for the W case in
the point A = 1, ϕ = 0.2, where the theory predicts a slight decrease
with n (possible due to the finite size of the droplet). An exact agree-
ment of the energy between theory and simulations is not expected
to happen because of the discretization of the droplet assumed in the
simulations.

In both cases and for both initial conditions, the theoreti-
cal predictions for the contact angle present a more pronounced
variation with n than measured in simulations. However, for
A = 1.00 and ϕ = 0.50 e see that the contact angles obtained with
the simulations starting in CB0 show good agreement with the the-
oretical predictions. Moreover, it is observed an important depen-
dency of the final wetting states on the initial state of the simu-
lation: if initiated in the W0, the final contact angles are smaller
than if the initial state is CB0. The disagreement between simula-
tions and the value predicted by the theory shows that the droplet
becomes trapped in meta-stable states instead of reaching the global
minimum.

Figure 5(d) shows the droplet configuration in the final state
of the Monte Carlo simulation for the points shown in (b) and (c)
for n = 1 and n = 3. This figure also shows the theoretical predicted
droplet in CB (solid red line) and W (solid blue line). On both cases
we observe the dependence on the initial conditions of the simula-
tions. Note, however, that for ϕ = 0.20 the final configuration for the
W0 deviates from the W prediction from the theory. On the other
hand, for ϕ = 0.50, where the stable state predicted by the theory
is CB it is observed a good agreement with the final configuration
obtained starting in CB0. This is interesting because, despite the final
simulated configuration for ϕ = 0.20 be found on a W state it is not
the same minimum W state predicted by the theory, i.e., it is also a
metastable state. These metastable state of the W phase are reported
in other studies.29

In order to evaluate more systematically the metastability for
all simulated points we measure the difference between the con-
tact angles obtained with the different initial condition, Δθ = ∣θCB0

− θW0 ∣. This is shown in Fig. 6 as a function of the geometric
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FIG. 5. Theory vs simulations (a) Piece of the wetting diagram to indicate in green the geometrical points analyzed in this figure. The data shown in the line above
correspond to A = 1, ϕ = 0.2 which is a point in the W phase. Data shown in the line below is for A = 1, ϕ = 0.5, corresponding to a point predicted to be in the CB phase.
(b) Energies ΔEs and (c) contact angles θC as a function of the auto-similarity levels n. Solid lines represent the theoretical results obtained from the minimization of Eqs. (4)
(red) and (5) (blue), the circles represent the results of our simulation initializing the system from the CB0(red) and squares the droplet initialized in W0(blue). (d) Cross
sections of the droplet configurations in the final state of the Monte Carlo simulation for the points shown in solid symbols in (b) and (c). Above the simulation starts from
the CB0 configuration and below from the W0 configuration. The solid (blue) line represents the cross section for the minimum-energy W configuration, and the dashed
(red) line, the one for the minimum-energy CB configuration. The curves and the snapshots correspond to droplets with R0 = 20 μm placed on a surface with varying n and
m = 3.

parameters A and ϕ for n = 1 and n = 3. If Δθ = 0 both simula-
tions arrived to the same final state and so, no metastability is
observed.

For high values of A and ϕ, the W state becomes so costly
energetically that even when the initial configuration is W0, the
final configuration is at the CB state. Then it is observed that
both initial conditions reach the same state and no metastability is
observed. When approaching the transition line from the CB phase,
metastability is observed with Δθ varying from 50○ to 70○.

The W region, on the other hand, presents metastability for
all the geometric parameters A and ϕ for both n = 1 and n = 3. In
other words, the droplets starting at different initial conditions gets
trapped in different local minima, resulting in high values of Δθ.
Interestingly, there is a tendency of increase of Δθ as we increase
the auto-similarity level n. Therefore, one can measure a very high
contact angle even on the region were the W state is favorable
and, increasing the auto-similarity level n makes this metastable CB
state more hydrophobic. This can be a possible explanation on why
some authors see a change in the wetting properties when increasing
fractality.

The CB metastable state is a well known phenomena in
wetting and was observed experimentally1,40,41 and in computer
simulations.24,27,29 This metastability is related to a high barrier
between states proportional to the height h of the pillars (related

to A) and it is highly dependent on how the droplet is placed on the
surface. In regard to WE metastable state, a recent study by Sil-
vestrini et. al.29 calculated the free energy of a water droplet placed
on a pillared surface found that several W metastables states are
possible, with distinct contact angles. This is in agreement with our
findings shown in Fig. 5(c) and 5(d).

We note that our results are in line with the experimental
works as we now stress. In experiments it is not possible to access
the energy of the droplet; however the contact angle is measured
and it is observed that its is enhanced in the case of hierarchical
structures13,42–44 and more generally in fractal surfaces.13 Then it
is not possible to know in most cases if the hydrophobic state is
metastable or not.

In this work what we observe is that the contact angle of the
CB state always increases with n and, even when the W state is the
stable one, a metastable CB with high contact angle is observed. In
other words, when the droplet is placed on the surface initially in
the CB0 state, it stays in the CB phase. As a conclusion, our work
shows that the contact angle in the hydrophobic state is enhanced
when n increases and, depending on how the droplet is placed on
the surface, one can have a CB state with high contact angles even
on the hydrophilic.

The results shown in this section are restricted to R0 = 20 μm
due to limitations in computational resources but it is well know that
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FIG. 6. Δθ as a function of A and ϕ for (a) n = 1 and (b) n = 3. The color represent
the values of Δθ and the solid line represents the theoretical transition line between
the W and CB state for each auto-similarity level.

the size of the droplet affects the transition line between the W and
CB states24 and so, it is expected that the metastable states will also
be affected by the increase of R0. We hope to address this issue in
further works.

A. The influence of the fractal dimension
On this section we discuss our simulations results in terms of

the fractal dimensions, D f . Several works try to establish a direct
relation between the fractal dimension and wetting properties of the
materials. Some argue that D f is a sufficient predictor of the contact
angle18,19 while others defend that the contact angle is independent
of D f or that D f is only one of the factors impacting the contact
angle.16,17

Here we obtained the fractal dimension, D f = Dcross + 1, using
a box counting method to define Dcross, the whole procedure is
explained in details in the supplementary material, similar tech-
niques were used previously in other works.13,14 Figure 7(a) shows
D f as a function of ϕ and A for m = 3.

Figure 7(b) shows the contact angle as a function of D f for
all the simulated points for auto-similarity level n = 3. Note that
the contact angles obtained when the simulation starts on state
CB0 are independent of D f . On the other hand, when we start in
state W0 the contact angle starts on a low contact angle for small
D f and, at a certain fractal dimension, grows to the same value
as the one obtained by the simulations starting in CB0. In other
words, the dependence on the initial conditions decreases when D f
increases.

FIG. 7. (a) Fractal dimensions D f as a function of ϕ and A for m = 3. (b) θ as a
function of D f for all the simulated points. Triangles represent simulations starting
in the state CB0 and circles simulations starting in W0. Dashed lines are guides to
the eyes.

The result suggests that the D f is not a good predictor of the
contact angle of the droplet, as implied by models where the fractal
dimension is used as a central parameter.13,30

V. CONCLUSIONS
This study focused on investigate the wetting properties of

a specific type of fractal surface, namely, a hierarchical struc-
tured surface, using theoretical models and Monte Carlo simu-
lations of the 3 spin Potts model. We used a theoretical model
that takes into account the global energy to create interfaces and
a minimization procedure to predict the most favorable wetting
state and contact angle of a droplet for a range of geometric
parameters.

We observed that the CB phase displays larger contact angles
as the auto-similarity level of the surface, denoted as n, increases.
For infinite droplet radius, the energy associated with the CB and
W states increase with n when considering a surface with Young
contact angle θY > 90○. Theoretical results were compared with sim-
ulations, and it was observed a qualitative agreement of the energy
as a function of n, but the contact angle dependence on n was less
pronounced in simulations. We also checked that the final state of
the droplet is strongly dependent on its initial state, which is asso-
ciated with the metastability of the contact angle. This metastability
was systematically evaluated for all the simulated points, we found
that metastable states are more common in the region where the W
state is predicted to be the most stable state.

Finally, in terms of the fractal dimension D f of the surfaces,
we observed a dependence of the contact angle of the droplet on its
initial condition, suggesting that the fractal dimension alone can-
not predict the contact angle of the droplet, as dictated by some
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theories.13 This work only takes into account a particular case of
fractal surfaces, which is very ordered, however, several biological
and artificial fractal surfaces have some degree of disorder.15,42,45

It would be nice to address disorder in a simple model like the
one proposed here where it is possible to compute energy and con-
tact angle for an infinite range of levels n. Also, we could easily
introduce chemical and/or structure disorders and optimize these
properties in order to obtain smart surfaces for different technolog-
ical applications.46–48 Another limitation here is the computational
resources, which only allowed us to investigate very small droplets.
It would be relevant to evaluate finite-size effects in the metastability
observed in this work.

SUPPLEMENTARY MATERIAL

See supplementary material for a detailed description and an
example of the energy minimization process for the continuous
model, the methodology used in choosing the numerical parameters,
and supplementary results.
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